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FUZZY SETS 7

Definition: If X isacollection of objects denoted generically by X, then a fuzzy set
Ain X isdefined as aset of ordered pairs:

A={(x, M) x € X}
where M, (x) is called the member ship function for the fuzzy set A. The membership
function maps each element of X (the universe of discourse) to amembership grade

between 0 and 1.

<> Bivalent Paradox as Fuzzy Midpoint | am aliar.

] Don’'t trust me. D

The statement S and its negation S have

the same truth-value t (S) =t (g) :

In the binary logic: t (g) =1-t(S), and Fuzzy logic acceptsthat t (S) = 1-t (S),

without insisting that t (S) should only be
t(§)=0o0rl, ==>0=1| [?? |:> 0 or 1, and accepts the half-truth: t (S) = 1/2.
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FUZZY LOGIC CONTROL

(J Thebasicidea of “fuzzy logic control” (FLC) was suggested by Prof. L.A. Zadeh:
- L.A. Zadeh, “A rationae for fuzzy control,” J. Dynamic Syst. Meas.Control, vol.94,
series G, pp.3-4,1972.
- L.A. Zadeh, “Outline of a new approach to the analysis of complex systems and decision
processes,” |EEE Trans. Syst., Man., Cyber., vol.SMC-3, no. 1, pp. 28-44, 1973.

- E.H. Mamdani and N.S. Assilian, “ A case study on the application of fuzzy set theory

(J Thefirst implementation of a FL.C was reported by Mamdani and Assilian:
H to automatic control,”Proc. IFAC Sochastic Control Symp, Budapest, 1974.
&)

-
\D * FLC provides anonanalytic alternativeto the classical
analytic control theory. <==“But what is striking is that
its most important and visible application today isin arealm
not anticipated when fuzzy logic was conceived, namely,
the realm of fuzzy-logic-based process control,” [L.A. Zadeh,
“Fuzzy logic,” |IEEE Computer Mag., pp. 83-93, Apr. 1988].

N
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) Classic control is based on a detailed 1/0
function OUTPUT= F (INPUT) which maps
each high-resolution quantization interval of
the input domain into a high-resolution
quantization interval of the output domain.

=> Finding a mathematical expression for

this detailed mapping relationship F may be
difficult, if not impossible, in many applications.

© Emil M. Petriu

OUTPUT
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Defuzzifica‘on

Fuzzificatio@e<_ = < INPUT

X*

} Fuzzy control is based on an 1/0 function that maps

each very low-resolution quantization interval of the input
domain into a very low-low resolution quantization interval
of the output domain. Asthereare only 7 or 9 fuzzy
guantization intervals covering the input and output domains
the mapping relationship can be very easily expressed using
the*if-then” formalism. (In many applications, thisleadsto a
simpler solution in less design time.) The overlapping of these
fuzzy domains and their linear membership functions will
eventually alow to achieve arather high-resolution I/0O
function between crisp input and output variables.
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+ FUZZIFICATION

mN (X) , nZ (X), nP (x)

A

1-
*
P (x*) . q:] Membership functions for
nZ(X*) - | X a 3-set fuzzy partition
0 . . . : . —Pp»
-3D/12 -D -D/I2 0 D2 D 3D/2
| * |
| A XF |
- SD}.Z - P - D./2 Z=0 . . iL X»
0 D/2 D 3D2 QJ Quantization characteristics
for the 3-set fuzzy partition
T N =1
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+ RULE BASE:

As an example, the rule base for the two-input and one-output
controller consists of afinite collection of rules with two
antecedents and one consequent of the form:

Rule :if (x1isAl;) and (x2 isA2,;) then (y isO,,')

where:

Fuzzy
Logic
Controller

Al; isaone of the fuzzy set of the fuzzy partition for x1
A2, isaone of the fuzzy set of the fuzzy partition for x2
O,,' isaone of the fuzzy set of the fuzzy partition fory

Ta T

’ For agiven pair of crisp input valuesxl and x2 the antecedents are the degrees
of membership obtained during thefuzzification: mAL;(x1) and mA2,(x2).

The strength of the Rul€ (i.e its impact on the outcome) is as strong as its

weakest component:

MOy, /(y) = min [MAL; (x1), mA2,(x2)]

’ If more than one activated rule, for instance Rule P and Rule 9, specify the same output

action, (e.g.y is O, then the strongest rule will prevail:

O, P49(y) = max { min[mMAL, (x1), mA2,, (x2)], min[mAl;, (x1), M2, (x2)] }
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INPUTS . OUTPUTS

x1 | X2 |RULE| VY

ALy |[A24 | 1 | O | <
ALy A2, ]2 | O |«
Al [A2q] 13 [0 | 4
Alp | A2,| ra

MO, (y)=min [MALj(x1), MA2,(x2)]

MO, 3(y)=min [MAL(x1), MA2,4(x2)]

o, 1 & 3(y)=max {min[mMALj; (x1), MA2, (x2)], min[mAL;, (x1), mMA2, (x2)]}

MO, 4(y)=min [mALj(x1), MA2,,(x2)] o), F4(y)=min [MAL,(x1), MA2,,(x2)]

© Emil M. Petriu

University of Ottawa Sensing and Modelling Research Laboratory
School of Information Technology - SITE SMRLab - Prof. Emil M. Petriu



+ DEFUZZIFICATION

Center of gravity (COG) defuzzification
method avoids the defuzzification ambiguities
which may arise when an output degree of

membership can come from more than one
crisp output value

mO1 (y) , mO2 (y)

y*=[ mO1* (y) -GI* + mO1* (y) - GI1* ]/
[mO1* (y) + mO1* (y) ]

mO1* (y)
mO2* (y)
y
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D Fuzzy Controller for Truck and Trailer Docking 7
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>>> Truck & trailer docking

INPUT MEMBERSHIP FUNCTIONS I

NS ZE PS PM PL

OUTPUT MEMBERSHIP FUNCTIONS I

2 0000

[deg.] -110 -95 -35 -20-10 0 1020 35 95 110

NS ZE PS

el 000

[deg.] -85 -55 -30-15-10 0 1015 30 55 &85

NEAR FAR LIMIT
DIST
(d)

[m] 005 01 0.75 0.90

LH LM LS ZE RS RM RH
STEER
(a)
[deg.] -48-38 -20 0 20 38 48
SLOW MED FAST
SPEED
[ %] 16 24 30
REV ~ FWD
DIRN
[arbitrary] - +
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AB
(a-b)

E:GAMMA(Q)

STEER / DIRN

rule base

>>> Truck & trailer docking

Thereisa hysteresisring around the
center of the rule base table for

the DIRN output. This means that when
the vehicle reaches a state within this

ring, it will continue to drive in the same
direction, F (forward) or R (reverse), as

it did in the previous state outside this ring.

NL | NM | NS | zE | PS | PM | PL
NL | LH/E | LHE | LHIE |LM/F | LSF | RSF | RM/F
M LH [ LH [ v [ ZE RV |
LHFL R |FR |FR | FR | FR
LH RM
NS | LHE LM/R |LSR |RYR RH/F
F-R F-R
ze fewr | YN sk | zer |rer | RE | RHE
F-R F-R
LM RH
ps | LHF LSR |RYR | RM/R RH/F
F-R F-R
o biel ™ | 28 | RM | RH | R | R
FR|FR |FR | FR | FR
LS/F
pL | Lm/E RSF | RM/F | RH/E | RHIF | RHIF

The hysteresis was purposefully introduced
to increase the robustness of the FLC.
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>>> Truck & trailer docking

DEFFUZIFICATION

+ The crigp value of the steering angle is obtained by the modified “ centroidal”
deffuzification (Mamdani inference):

q=(M4y Gn My Oy + Mg s+ Mg Oz
* Mks Ors MMy " Orv T Mhy "Ori )/
(M + My + Mg+ My + Mg+ My + M)
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My IS the current membership value
(obtained by a “max-min” compositiona
mode of inference) of the output g

to the fuzzy class XX, where

XX €& {LH,LM, LS, ZE, RS, RM, RH}.

1/O characteristic of the
Fuzzy Logic Controller
for truck and trailer
docking.
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@)

U “FUZZY UNCERTAINTY” ==> WHAT ACTUALLY IS “FUZZY” IN A FUZZY CONTROLLER ??

There is tenet of common wisdom that FL Cs are meant to successfully deal with uncertain data.

According to this, FLCs are supposed to make do with “uncertain” data coming from (cheap) low-resolution
and imprecise sensors. However, experiments show that the low resolution of the sensor dataresultsin
rough quantization of of the controller's1/O characteristic:

u, ,'” fIA \N«H‘ l’u, ”HU"}‘\HW”M‘“w\\\h‘\\w”\ \\\\
hiy Hnw‘uu\vw lu‘ i\‘\\\\\\\l}\\‘i \\\\“‘h \ \h

il

\\\M‘\‘ 'W«”n\\”\\\ “”"\N" ]

W‘N”W .U \ ' i Wi \\“H il
N\ v‘\\\ iy ‘“’HN ‘

\\‘\ i H‘\ \\'w”{‘“w ‘l\\,m {

1’1\ (H’

NHM\ \ \\““hl“ mw\ l[ U} "l”, '\\ HH

|/O characteristics of the FLC for truck & trailer docking for 4-bit sensor data (a, b, g) and 7-bit sensor data.

The key benefit of FLC isthat the desired system behavior can be described with simple “if-then” relations
based on very low-resolution models able to incorporate empirical (i.e. not too “certain” ?) engineering
knowledge. FLCs have found many practical applications in the context of complex ill-defined processes
that can be controlled by skilled human operators: water quality control, automatic train operation control,

elevator control, nuclear reactor control, automobile transmission control, etc.,
© Emil M. Petriu
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Fuzzy Control for Backing-up a F=our Wheel T ruck

+ Using atruck backing-up Fuzzy Logic Controller (FLC) astest bed, this
Experiment revisitsatenet of common wisdom which considers FLCs
as beingmeant to make do with uncertain data coming from low-resolution
Sensors.

+ The experiment studies the effects of the input sensor-data resolution on the
1/O characteristics of the digital FLC for backing-up afour-wheel truck.

+ Simulation experiments have shown that the low resolution of the sensor
dataresults in arough quantization of the controller's 1/O characteristic.
They also show that it is possible to smooth the |/O characteristic of a
digital FLC by dithering the sensor data before quantization.
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Thetruck backing-up problem

@

)

Design aFuzzy Logic
Controller (FLC) able
to back up atruck into
adocking station from
any initial position that
has enough clearance

from the docking station.

J

/ y
I 0,0),” | Loading Dock ‘
X
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LE LC RI
1.0 1
l
|
|
|
|
|
|
|
0.0 : : !
-50 20 -15 5 4 0 45 15 20 50
X-position
A
RB RU RV VE LV LU LB
-90 0° 30° 60° 80° 90° 100° 120° 150° 180° 270°
. truck angle j
Membership
functions NL NM NS ZE PS PM PL
for the truck
backer-upper
FLC
-45° -35° -25° o 25°  35° 45°
steering angle g
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The FLC isbased X
on the Sugeno-style j

. 1 2 3 4 5
fuzzy inference. RL | NL | NL | NM | NM | NS

LE LC CE RC RI

Thefuzzy rule base ::> RU| NL | NL | NM | NS | PS
consists of 35 rules.

RV | NL NM NS PS PM

18
VE | NM NM | ZE PM PM

LV | NM NS PS PM PL

30
LU | NS PS PM PL PL

31 32 33 34 35
LL | PS PM | PM | PL PL
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Matlab-Smulink to model different FL C scenarios for the truck backing-up
problem. Theinitial state of the truck can be chosen anywhere within the
100-by-50 experiment area as long as there is enough clearance from the dock.
The ssmulation isupdated every 0.1 s. The truck stops when it hits the loading
dock situated in the middle of the bottom wall of the experiment area.

<(>> The Truck Kinematics model is based on the following system of equations:

=-vcos( )

X
y=-vsin( )

I
I
I
1
;J =- l—sn(q)

where v isthe backing up speed of the truck and | is the length of the truck.
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— u[2]<0

y<=0 Stop
simulation
X
—¥| theta_n.mat Demuy Y o
—
To File XY Graph

Demux2
> I |
InOut |:|
. Truck, I
Kinematics Quantizer Scopel

Demux]Demux

X

: IXX& D
| <_Mux

<J

Fuzzy Logic Controller

Scope

Simulink diagram

Of a d| g|ta| F LC Variable Initialization
for truck backing-up \ﬁl
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i 1 i H 50 L 1 H i 1
0 10 20 30 40 50 60 70 0 10 20 30 40 50 60

Time (s) Time (s)

Time diagram of digital FLC'soutput g during a docking
experiment when the input variables,] and x are analog
and respectively quantizied with a 4-bit bit resolution
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Dither

Andog

Dithered Dithered High Resolution
Analog Input A/D Digital Input‘ L ow-Pass| Digita Input
Filter

Digital > High Resolution
FLC .y Digital Outputs

Dither

Analog Dithered Dithered
[ nput o\ Analog Input Digita Input -
p 3 g Inp > A/D g p L ow-Pass

Filter High Resolution
Digitd Input

Dithered digital FLC architecture with low-passfilters
placed immediately after theinput A/D converters
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Low-Resolution
Dithered Digita

A/D

Digital
FLC

High Resolution
L ow-Pass| Digital Output
: —
Filter

A/D J

Low-Resolution
Dithered Digital

Dithered digital FLC architecture ‘
with low-pass filters placed at the
FLC's outputs

High Resolution
L ow-Pass| Digital Output
. —
Filter

It offers a better performance
than the previous one because
afinal low-pass filter can also
smooth the non-linearity caused
by the min-max composition
rules of the FLC.
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Q [deg]

30
Time diagram of N
dithered digital 20 | |
FLC'soutput g 10 b \ " /M\

during a docking . 0 /ﬂ” \\AMW

experiment when

4-bit A/D converters 10
are used to quantize . ,/
the dithered inputs \ I
and the low-pass 30 /
filter is placed at “ \ //
the FLC'soutput L/
0, 10 20 0 40 50 60 70
Time ()
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40 L i

30 L initial position i
b (-30,25)

20
(©)

10 |

-50 [dOCk]I 0 50

Truck trailsfor different FLC architectures. (a) analog ;
(b) digital without dithering; (c) digital with uniform
dithering and 20-unit moving average filter
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Docking Poirit
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Conclusions

{>> A low resolution of the input datain adigital FLC resultsin
alow resolution of the controller's characteristics.

%>> Dithering can significantly improve the resolution of adigital

FL C beyond the initial resolution of the A/D converters used
for the input data.
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