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Multilayer Perceptron (MLP) properties:

• Universal approximation of continuous nonlinear functions

• Learning from input-output patterns; either off-line or on-line learning

• Parallel network architecture, multiple inputs and outputs

Use in feedforward and recurrent networks

Use in supervised and unsupervised learning applications

Problems: Existence of many local minima!
How many neurons needed for a given task?
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Support Vector Machines (SVM)

cost function cost function

weights weights

MLP SVM

• Nonlinear classification and function estimation by convex optimization
with a unique solution and primal-dual interpretations.

• Number of neurons automatically follows from a convex program.

• Learning and generalization in huge dimensional input spaces (able to
avoid the curse of dimensionality!).

• Use of kernels (e.g. linear, polynomial, RBF, MLP, splines, ... ).
Application-specific kernels possible (e.g. textmining, bioinformatics)
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SVM: support vectors

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x(1)

x
(2

)

−2.5 −2 −1.5 −1 −0.5 0 0.5 1 1.5 2
−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5

3

x(1)

x
(2

)
• Decision boundary can be expressed in terms of a limited number of

support vectors (subset of given training data); sparseness property

• Classifier follows from the solution to a convex QP problem.
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SVMs: living in two worlds ...
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Input space

Feature space

ϕ(x)

Primal space: (→ large data sets)

Dual space: (→ high dimensional inputs)

Parametric: estimate w ∈ R
nh

Non-parametric: estimate α ∈ R
N

y(x) = sign[wTϕ(x) + b]

y(x) = sign[
P#sv

i=1 αiyiK(x, xi) + b]

K(xi, xj) = ϕ(xi)
Tϕ(xj) (“Kernel trick”)
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Classifier with maximal margin

• Training set {(xi, yi)}N
i=1: inputs xi ∈ R

n; class labels yi ∈ {−1,+1}

• Classifier: y(x) = sign[wTϕ(x) + b]

with ϕ(·) : R
n → R

nh the mapping to a high dimensional feature space
(which can be infinite dimensional!)

• Maximize the margin for good generalization ability (margin = 2
‖w‖2

):
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Standard SVM classifier (1)

[Vapnik, 1995]

• For separable data, assume

{

wTϕ(xi) + b ≥ +1, if yi = +1
wTϕ(xi) + b ≤ −1, if yi = −1

⇒ yi[w
Tϕ(xi) + b] ≥ 1, ∀i

• Optimization problem (non-separable case):

min
w,b,ξ

J (w, ξ) =
1

2
wTw + c

N
∑

i=1

ξi s.t.

{

yi[w
Tϕ(xi) + b] ≥ 1 − ξi

ξi ≥ 0, i = 1, ..., N

Trade-off between margin maximization and tolerating misclassifications
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Standard SVM classifier (2)

• Lagrangian:

L(w, b, ξ;α, ν) = J (w, ξ) −
N

∑

i=1

αi{yi[w
Tϕ(xi) + b] − 1 + ξi} −

N
∑

i=1

νiξi

• Find saddle point: max
α,ν

min
w,b,ξ

L(w, b, ξ; α, ν)

• One obtains


































∂L
∂w = 0 → w =

N
∑

i=1

αiyiϕ(xi)

∂L
∂b = 0 →

N
∑

i=1

αiyi = 0

∂L
∂ξi

= 0 → 0 ≤ αi ≤ c, i = 1, ..., N
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Standard SVM classifier (3)

• Dual problem: QP problem

max
α

Q(α) = −1

2

N
∑

i,j=1

yiyj K(xi, xj)αiαj+

N
∑

j=1

αj s.t.











N
∑

i=1

αiyi = 0

0 ≤ αi ≤ c, ∀i

with kernel trick (Mercer Theorem): K(xi, xj) = ϕ(xi)
T ϕ(xj)

• Obtained classifier: y(x) = sign[
∑N

i=1 αi yi K(x, xi) + b]

Some possible kernels K(·, ·):
K(x, xi) = xT

i x (linear SVM)
K(x, xi) = (xT

i x + τ)d (polynomial SVM of degree d)
K(x, xi) = exp(−‖x − xi‖2

2/σ2) (RBF kernel)
K(x, xi) = tanh(κxT

i x + θ) (MLP kernel)
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Kernelbased learning: many related methods and fields

=

SVMs

LS-SVMs

Regularization networks

Gaussian processes

Kriging

Kernel ridge regression

RKHS

?

Some early history on RKHS:

1910-1920: Moore

1940: Aronszajn

1951: Krige

1970: Parzen

1971: Kimeldorf & Wahba

SVMs are closely related to learning in Reproducing Kernel Hilbert Spaces
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Reproducing Kernel Hilbert Space (RKHS) view

• Variational problem: [Wahba, 1990; Poggio & Girosi, 1990]
find function f such that

min
f∈H

1

N

N
∑

i=1

L(yi, f(xi)) + λ‖f‖2
K

with L(·, ·) the loss function. ‖f‖K is norm in RKHS H defined by K.

• Representer theorem: for any convex loss function the solution is of the
form

f(x) =
N

∑

i=1

αiK(x, xi)

• Some special cases:

L(y, f(x)) = (y − f(x))2 regularization network
L(y, f(x)) = |y − f(x)|ǫ SVM regression with ǫ-insensitive loss function

−ε 0 +ε
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Wider use of the kernel trick

• Angle between vectors:
Input space:

cos θxz =
xTz

‖x‖2‖z‖2Feature space:

cos θϕ(x),ϕ(z) =
ϕ(x)Tϕ(z)

‖ϕ(x)‖2‖ϕ(z)‖2

=
K(x, z)

√

K(x, x)
√

K(z, z)

• Distance between vectors: (e.g. for ’kernelized’ clustering methods)
Input space:

‖x − z‖2
2 = (x − z)T (x − z) = xTx + zTz − 2xTz

Feature space:

‖ϕ(x) − ϕ(z)‖2
2 = K(x, x) + K(z, z) − 2K(x, z)

Support vector machines and kernelbased learning ⋄ Johan Suykens ⋄ July 2005 12



Books, software, papers ...

Websites:

www.kernel-machines.org
www.esat.kuleuven.ac.be/sista/lssvmlab/

Books:
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Least Squares Support Vector Machines

• RR
min
w,b,e

wTw + γ
∑

i

e2
i s.t. yi = wTxi + b + ei, ∀i

• FDA

min
w,b,e

wTw + γ
∑

i

e2
i s.t. yi(w

Txi + b) = 1 − ei, ∀i

• PCA
min
w,b,e

wTw − γ
∑

i

e2
i s.t. ei = wTxi + b, ∀i

• CCA/PLS

min
w,v,b,d,e,r

wTw+vTv+ν1

∑

i

e2
i+ν2

∑

i

r2
i−γ

∑

i

eiri s.t.

{

ei = wTxi + b
ri = vTyi + d

Primal problem in w, b, e and dual problem in Lagrange multipliers
Kernelize via kernel trick with use of feature map in primal problem
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Least Squares Support Vector Machines

J.A.K. Suykens, T. Van Gestel, J. De Brabanter, B. De Moor, J. Vandewalle,

Least Squares Support Vector Machines, World Scientific, Singapore, 2002

http://www.esat.kuleuven.ac.be/sista/lssvmlab/
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LS-SVM classifier (1)

• Modifications w.r.t. standard SVM classifier [Suykens, 1999]:

– Use target values instead of threshold values in the constraints
– Simplify the problem via equality constraints and least squares.

• Optimization problem:

min
w,b,e

J (w, e) =
1

2
wTw + γ

1

2

N
∑

i=1

e2
i s.t. yi [w

Tϕ(xi) + b]=1 − ei, ∀i

• Lagrangian:

L(w, b, e;α) = J (w, e) −
N

∑

i=1

αi{yi[w
Tϕ(xi) + b] − 1 + ei}

with Lagrange multipliers αi (support values).
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LS-SVM classifier (2)

• Conditions for optimality:







































∂L
∂w = 0 → w =

N
∑

i=1

αiyiϕ(xi)

∂L
∂b = 0 →

N
∑

i=1

αiyi = 0

∂L
∂ei

= 0 → αi = γei, i = 1, ..., N
∂L
∂αi

= 0 → yi[w
Tϕ(xi) + b] − 1 + ei = 0, i = 1, ..., N

• Dual problem (after elimination of w, e)

[

0 yT

y Ω + I/γ

] [

b
α

]

=

[

0
1v

]

where Ωij = yiyj ϕ(xi)
Tϕ(xj) = yiyj K(xi, xj) for i, j = 1, ..., N

and y = [y1; ...; yN ], 1v = [1; ...; 1].

Support vector machines and kernelbased learning ⋄ Johan Suykens ⋄ July 2005 17



Benchmarking LS-SVM classifiers (1)

LS-SVM classifiers perform very well on 20 UCI benchmark data sets
(10 binary, 10 multiclass) in comparison with many other methods.

bal cmc ims iri led thy usp veh wav win

NCV 416 982 1540 100 2000 4800 6000 564 2400 118
Ntest 209 491 770 50 1000 2400 3298 282 1200 60

N 625 1473 2310 150 3000 7200 9298 846 3600 178

nnum 4 2 18 4 0 6 256 18 19 13
ncat 0 7 0 0 7 15 0 0 0 0

n 4 9 18 4 7 21 256 18 19 13

M 3 3 7 3 10 3 10 4 3 3

ny,MOC 2 2 3 2 4 2 4 2 2 2

ny,1vs1 3 3 21 3 45 3 45 6 2 3

[Van Gestel et al., 2004]
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Benchmarking LS-SVM classifiers (2)

acr bld gcr hea ion pid snr ttt wbc adu AA AR PST
Ntest 230 115 334 90 117 256 70 320 228 12222
n 14 6 20 13 33 8 60 9 9 14

RBF LS-SVM 87.0(2.1) 70.2(4.1) 76.3(1.4) 84.7(4.8) 96.0(2.1) 76.8(1.7) 73.1(4.2) 99.0(0.3) 96.4(1.0) 84.7(0.3) 84.4 3.5 0.727

RBF LS-SVMF 86.4(1.9) 65.1(2.9) 70.8(2.4) 83.2(5.0) 93.4(2.7) 72.9(2.0) 73.6(4.6) 97.9(0.7) 96.8(0.7) 77.6(1.3) 81.8 8.8 0.109
Lin LS-SVM 86.8(2.2) 65.6(3.2) 75.4(2.3) 84.9(4.5) 87.9(2.0) 76.8(1.8) 72.6(3.7) 66.8(3.9) 95.8(1.0) 81.8(0.3) 79.4 7.7 0.109
Lin LS-SVMF 86.5(2.1) 61.8(3.3) 68.6(2.3) 82.8(4.4) 85.0(3.5) 73.1(1.7) 73.3(3.4) 57.6(1.9) 96.9(0.7) 71.3(0.3) 75.7 12.1 0.109

Pol LS-SVM 86.5(2.2) 70.4(3.7) 76.3(1.4) 83.7(3.9) 91.0(2.5) 77.0(1.8) 76.9(4.7)99.5(0.5) 96.4(0.9) 84.6(0.3) 84.2 4.1 0.727
Pol LS-SVMF 86.6(2.2) 65.3(2.9) 70.3(2.3) 82.4(4.6) 91.7(2.6) 73.0(1.8) 77.3(2.6) 98.1(0.8) 96.9(0.7) 77.9(0.2) 82.0 8.2 0.344

RBF SVM 86.3(1.8) 70.4(3.2) 75.9(1.4) 84.7(4.8) 95.4(1.7) 77.3(2.2) 75.0(6.6) 98.6(0.5) 96.4(1.0) 84.4(0.3) 84.4 4.0 1.000
Lin SVM 86.7(2.4) 67.7(2.6) 75.4(1.7) 83.2(4.2) 87.1(3.4) 77.0(2.4) 74.1(4.2) 66.2(3.6) 96.3(1.0) 83.9(0.2) 79.8 7.5 0.021

LDA 85.9(2.2) 65.4(3.2) 75.9(2.0) 83.9(4.3) 87.1(2.3) 76.7(2.0) 67.9(4.9) 68.0(3.0) 95.6(1.1) 82.2(0.3) 78.9 9.6 0.004

QDA 80.1(1.9) 62.2(3.6) 72.5(1.4) 78.4(4.0) 90.6(2.2) 74.2(3.3) 53.6(7.4) 75.1(4.0) 94.5(0.6) 80.7(0.3) 76.2 12.6 0.002

Logit 86.8(2.4) 66.3(3.1) 76.3(2.1) 82.9(4.0) 86.2(3.5) 77.2(1.8) 68.4(5.2) 68.3(2.9) 96.1(1.0) 83.7(0.2) 79.2 7.8 0.109
C4.5 85.5(2.1) 63.1(3.8) 71.4(2.0) 78.0(4.2) 90.6(2.2) 73.5(3.0) 72.1(2.5) 84.2(1.6) 94.7(1.0) 85.6(0.3) 79.9 10.2 0.021
oneR 85.4(2.1) 56.3(4.4) 66.0(3.0) 71.7(3.6) 83.6(4.8) 71.3(2.7) 62.6(5.5) 70.7(1.5) 91.8(1.4) 80.4(0.3) 74.0 15.5 0.002

IB1 81.1(1.9) 61.3(6.2) 69.3(2.6) 74.3(4.2) 87.2(2.8) 69.6(2.4) 77.7(4.4) 82.3(3.3) 95.3(1.1) 78.9(0.2) 77.7 12.5 0.021
IB10 86.4(1.3) 60.5(4.4) 72.6(1.7) 80.0(4.3) 85.9(2.5) 73.6(2.4) 69.4(4.3) 94.8(2.0) 96.4(1.2) 82.7(0.3) 80.2 10.4 0.039

NBk 81.4(1.9) 63.7(4.5) 74.7(2.1) 83.9(4.5) 92.1(2.5) 75.5(1.7) 71.6(3.5) 71.7(3.1) 97.1(0.9) 84.8(0.2) 79.7 7.3 0.109
NBn 76.9(1.7) 56.0(6.9) 74.6(2.8) 83.8(4.5) 82.8(3.8) 75.1(2.1) 66.6(3.2) 71.7(3.1) 95.5(0.5) 82.7(0.2) 76.6 12.3 0.002

Maj. Rule 56.2(2.0) 56.5(3.1) 69.7(2.3) 56.3(3.8) 64.4(2.9) 66.8(2.1) 54.4(4.7) 66.2(3.6) 66.2(2.4) 75.3(0.3) 63.2 17.1 0.002
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Classification of brain tumors from MRS data (1)
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Classification of brain tumors from MRS data (2)

etrain ± std(etrain) mean % correct etest ± std(etest) mean % correct

RBF12 0.0800 ± 0.2727 99.8621 2.8500 ± 1.9968 90.1724
0.0600 ± 0.2387 99.8966 2.6800 ± 1.6198 90.7586

RBF13 1.6700 ± 1.1106 96.7255 8.1200 ± 1.2814 67.5200
1.7900 ± 1.0473 96.4902 7.7900 ± 1.2815 68.8400

RBF23 0 ± 0 100 2.0000 ± 1.1976 90.4762

0 ± 0 100 2.0200 ± 1.2632 90.3810

Lin12, γ=1 6.2000 ± 1.3333 89.3100 3.8900 ± 1.8472 86.586

6.1300 ± 1.4679 89.4310 3.6800 ± 1.7746 87.3103

Lin13, γ=1 15.6400 ± 1.7952 69.333 7.6800 ± 0.8863 69.280
15.3700 ± 1.8127 69.8627 7.9200 ± 1.0316 68.3200

Lin23, γ=1 4.0100 ± 1.3219 90.452 3.4400 ± 1.2253 83.619
4.0000 ± 1.1976 90.4762 2.9600 ± 1.3478 85.9048

Comparison of LS-SVM classification with LOO using RBF and linear kernel, with additional

bias term correction (N1 = 50, N2 = 37, N3 = 26).

[Devos et al., 2004]
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Classical PCA analysis

• Given zero mean data {xi}N
i=1 with x ∈ R

n

• Find projected variables wTxi with maximal variance

max
w

Var(wTx) = Cov(wTx, wTx) ≃ 1

N

N
∑

i=1

(wTxi)
2

= wT C w

where C = 1
N

∑N
i=1 xix

T
i . Consider additional constraint wTw = 1.

• Resulting eigenvalue problem:

Cw = λw

with C = CT ≥ 0, obtained from the Lagrangian L(w;λ) = 1
2w

TCw−
λ(wTw − 1) and setting ∂L/∂w = 0, ∂L/∂λ = 0.

u2
u1

µ

x1

x2

λ
1/2

1
λ
1/2

2
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SVM formulation to PCA (1)

• Primal problem: [Suykens et al., 2003]

max
w,e

J (w, e) =γ
1

2

N
∑

i=1

e2
i −

1

2
wTw s.t. ei = wTxi, i = 1, ..., N

• Lagrangian L(w, e;α) = γ
1

2

N
∑

i=1

e2
i −

1

2
wTw −

N
∑

i=1

αi

(

ei − wTxi

)

• Conditions for optimality























∂L
∂w = 0 → w =

N
∑

i=1

αixi

∂L
∂ei

= 0 → αi = γei, i = 1, ..., N
∂L
∂αi

= 0 → ei − wTxi = 0, i = 1, ..., N
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SVM formulation to PCA (2)

• By elimination of e, w one obtains the eigenvalue problem





xT
1 x1 ... xT

1 xN
... ...

xT
Nx1 ... xT

NxN









α1
...

αN



 = λ





α1
...

αN





as the dual problem (with eigenvalues λ = 1/γ).

• The score variables become z(x) = wTx =
∑N

j=1 αjx
T
j x.

The optimal solution corresponding to largest eigenvalue has

N
∑

i=1

(wTxi)
2 =

N
∑

i=1

e2
i =

N
∑

i=1

1

γ2
α2

i = λ2
max

where
∑N

i=1 α2
i = 1 for the normalized eigenvector.
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Kernel PCA: SVM formulation

• Primal problem:

max
w,b,e

J (w, e) =γ1
2

N
∑

i=1

e2
i − 1

2w
Tw

s.t. ei = wTϕ(xi) + b, i = 1, ..., N.

• Dual problem = kernel PCA: Ωcα = λα

with centered kernel matrix Ωc,ij = (ϕ(xi) − µ̂ϕ)T (ϕ(xj) − µ̂ϕ), ∀i, j

[Schölkopf et al., 1998]

• Score variables (note: µ̂ϕ = (1/N)
PN

i=1 ϕ(xi))

z(x) = wT (ϕ(x) − µ̂ϕ)

=
∑N

j=1 αj(K(xj, x) − 1
N

∑N
r=1 K(xr, x) − 1

N

∑N
r=1 K(xr, xj)

+ 1
N2

∑N
r=1

∑N
s=1 K(xr, xs))
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Kernel PCA: reconstruction problem

Reconstruction error:

min

N
∑

i=1

‖xi − x̃i‖2
2

x z x̃

wTϕ(x) + b h(z)
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Reconstruction: linear versus nonlinear
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Application: denoising of images

linear PCA kernel PCA (RBF kernel)
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Microarray data analysis

FDA
LS-SVM classifier (linear, RBF)
Kernel PCA + FDA
(unsupervised selection of PCs)
(supervised selection of PCs)

Use regularization for linear classifiers

Systematic benchmarking study in [Pochet et al., 2004]

Webservice: http://www.esat.kuleuven.ac.be/MACBETH/
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Primal versus dual problem

Example 1: microarray data (10,000 genes & 50 training data)

Classifier model:
sign(wTx + b) (primal)
sign(

∑

i αiyix
T
i x + b) (dual)

linear FDA primal: w ∈ R
10,000 (but only 50 training data!)

linear FDA dual: α ∈ R
50

Example 2: datamining problem (1,000,000 training data & 20 inputs)

linear FDA primal: w ∈ R
20

linear FDA dual: α ∈ R
1,000,000 (kernel matrix: 1, 000, 000 × 1, 000, 000 !)
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Fixed-size LS-SVM: primal-dual kernel machines

Primal space Dual space

Nyström method

Kernel PCA

Density estimate

Entropy criteria

Eigenfunctions

SV selection
Regression

Modelling in view of primal-dual representations
Link Nyström approximation (GP) - kernel PCA - density estimation

[Suykens et al., 2002]: primal space estimation, sparse, large scale
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Nyström method (Gaussian processes)

[Williams, 2001 Nyström method; Girolami, 2002 KPCA, density estimation]

• “big” matrix: Ω(N,N) ∈ R
N×N , “small” matrix: Ω(M,M) ∈ R

M×M

(based on random subsample, in practice often M ≪ N)

• Eigenvalue decompositions: Ω(N,N) Ũ = Ũ Λ̃ and Ω(M,M) U = U Λ

• Relation to eigenvalues and eigenfunctions of the integral equation

∫

K(x, x′)φi(x)p(x)dx = λiφi(x
′)

with

λ̂i =
1

M
λi, φ̂i(xk) =

√
M uki, φ̂i(x

′) =

√
M

λi

M
∑

k=1

ukiK(xk, x
′)
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Fixed-size LS-SVM: examples (1)

high dimensional inputs, large data sets, adaptive learning machines (using LS-SVMlab)

Sinc function (20.000 data, 10 SV)
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Fixed-size LS-SVM: examples (2)

Santa Fe laser data

−2

−1

0

1

2

3

4

5

0 100 200 300 400 500 600 700 800 900

discrete time k

y
k

10 20 30 40 50 60 70 80 90
−2

−1

0

1

2

3

4

discrete time k

y
k
,
ŷ
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Training: ŷk+1 = f(yk, yk−1, ..., yk−p)
Iterative prediction: ŷk+1 = f(ŷk, ŷk−1, ..., ŷk−p)
(works well for p large, e.g. p = 50)
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Fixed-size LS-SVM: examples (3)
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Conclusions of Part I

• Support vector machines: learning and generalization in high dimensional
input spaces

• Convex optimization, primal and dual problem and representations

• Kernel based learning

• “Kernelize” many classical statistical techniques

• Core problems and extensions via LS-SVMs

• Many successful applications in different areas
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Research directions

• “Kernelizing” classical methods (FDA, PCA, CCA, ICA, subspace ...)
Customizing kernels towards specific application areas

• Learning and generalization (model selection, CV, stability, ...)
Robust statistics for kernel methods

• Learning paradigms: (un)-supervised, transductive, reinforcement
System aspects: static, dynamic, control problems, adaptive algorithms

• Convex optimization approaches, stable numerical algorithms

• Large data sets, high dimensional input data

• Generic models with many applications
Incorporation of prior knowledge, hardware implementations
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Interdisciplinary challenges

SVM & kernel methods

linear algebra

mathematics

statistics

systems and control theory

signal processingoptimization

machine learning

pattern recognition

data mining

neural networks

NATO Advanced Study Institute on Learning Theory and Practice

http://www.esat.kuleuven.ac.be/sista/natoasi/ltp2002.html
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Contents - Part II: Advanced topics

• Incorporation of structure and prior knowledge

• Kernels and graphical models

• Iterative weighting and robustness

• Bayesian inference and relevance determination

• Hierarchical kernel machines

• Input selection, stability, sparseness
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Incorporation of prior knowledge

• Support vector machine formulations allow to incorporate additional
constraints that express prior knowledge about the problem, e.g.
monoticity, symmetry, positivity, ...

• Example: LS-SVM regression with monoticity constraint

min
w,b,e

1

2
wTw + γ

1

2

N
∑

i=1

e2
i s.t.

{

yi = wTϕ(xi) + b + ei, ∀i = 1, ..., N
wTϕ(xi) ≤ wTϕ(xi+1), ∀i = 1, ..., N − 1

• Application: estimation of cdf [Pelckmans et al., 2005]
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Partially linear models

• Partially linear regression with regressors za, zb [Espinoza et al., 2005]:

min
w,b,e,β

1

2
wTw + γ

1

2

N
∑

i=1

e2
i s.t. yi = βTza

i + wTϕ(zb
i ) + b + ei, ∀i

• Dual problem:





Ω + I/γ 1N Z
1T

N 0 0
zT 0 0









α
b
β



 =





y
0
0





with Ωij = K(zb
i , z

b
j), Z = [za

1
T ; ...; za

N
T ].

• Reduces the effective number of parameters.
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Partially linear models: nonlinear system identification
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Kernels and graphical models (1)

• Probability product kernel [Jebara et al., 2004]

K(p, p′) =

∫

X

p(x)ρ p′(x)ρdx

• Case ρ = 1/2: Bhattacharyya kernel

K(p, p′) =

∫

X

√

p(x)
√

p′(x)dx

(related to Hellinger distance H(p, p′) = 1
2

R

X
(
p

p(x) −
p

p′(x))2dx by

H(p, p′) =
p

2 − 2K(p, p′), which is a symmetric approximation to Kullback-

Leibler divergence and a bound on it).

• Case ρ = 1: expected likelihood kernel

K(p, p′) =

∫

X

p(x)p′(x)dx = Ep[p
′(x)] = Ep′[p(x)]
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Kernels and graphical models (2)

A

B

D

C

E

P(A,B,C,D,E) = P(A|B) P(B) P(C|B) P(D|C) P(E|B)

Extract kernels from graphical models, Bayesian networks, HMMs
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Robustness

Convex cost function

convex

optimiz.

SVM solution

Weighted version with

modified cost function

robust
statistics

LS-SVM solution

SVM Weighted LS-SVM

• Weighted LS-SVM: min
w,b,e

1

2
wTw + γ

1

2

N
∑

i=1

vie
2
i s.t. yi = wTϕ(xi) + b + ei, ∀i

with vi determined from {ei}
N
i=1 of unweighted LS-SVM [Suykens et al., 2002]

• SVM solution by applying weighted LS iteratively [Perez-Cruz et al., 2005]
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Bayesian inference

=Posterior
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Likelihood
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=Posterior
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Max

Max
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Bayesian inference: classification

Ripley data set
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• Probabilistic interpretation with moderated output

• Bias term correction for unbalanced and/or small data sets

Support vector machines and kernelbased learning ⋄ Johan Suykens ⋄ July 2005 47



Classification of brain tumors using ARD

Bayesian learning (automatic relevance determination) of most relevant frequencies

[Lu et al.]
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Additive regularization trade-off

• Traditional Tikhonov regularization scheme:

min
w,e

wTw + γ
∑

i

e2
i s.t. ei = yi − wTϕ(xi), ∀i = 1, ..., N

Training solution for fixed value of γ:

(K + I/γ)α = y

→ Selection of γ via validation set: non-convex problem

• Additive regularization trade-off [Pelckmans et al., 2005]:

min
w,e

wTw +
∑

i

(ei − ci)
2 s.t. ei = yi − wTϕ(xi), ∀i = 1, ..., N

Training solution for fixed value of c = [c1; ...; cN ]:

(K + I)α = y − c

→ Selection of c via validation set: can be convex problem
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Hierarchical Kernel Machines

c

t

Validation

LS−SVM Substrate

Conceptually Computationally

Hierarchical Kernel Machine Convex Optimization problem

Level 1:

Level 2:

Level 3:

Fused Levels

Structure Detection
Sparse LS−SVM

Building sparse representations, stable models, additive models for
input selection on LS-SVM substrates. Fuse training, validation and
hyperparameter selection into one single convex optimization problem.

[Pelckmans et al., 2005]
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Additive models and structure detection

• Additive models: ŷ(x) =
∑P

p=1 w(p)Tϕ(p)(x(p)) with x(p) the p-th input

variable and a feature map ϕ(p) for each variable. This leads to the

kernel K(xi, xj) =
∑P

p=1 K(p)(x
(p)
i , x

(p)
j ).

• Structure detection [Pelckmans et al., 2005]:
min
w,e,t

µ
PP

p=1 tp +
PP

p=1 w(p)Tw(p) + γ
PN

i=1 e2
i

s.t.

(

yi =
PP

p=1 w(p)Tϕ(p)(x
(p)
i ) + ei, ∀i = 1, ..., N

−tp ≤ w(p)Tϕ(p)(x
(p)
i ) ≤ tp, ∀i = 1, ..., N, ∀p = 1, ..., P
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Sparse models

• SVM classically: sparse solution from QP problem at training level

• Hierarchical kernel machine: fused problem with sparseness obtained at
the validation level

−1.2 −1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8
−0.2

0

0.2

0.4

0.6

0.8

1

X
1

X
2

LS−SVMγ=5.3667,σ2
=0.90784

RBF , with 2 different classes

class 1
class 2

Support vector machines and kernelbased learning ⋄ Johan Suykens ⋄ July 2005 52



Conclusions of Part II

• Support vector machines: straightforward to add additional constraints
and preserving convexity

• Customizing kernels towards different types of data and applications

• Hierarchical kernel machines: several objectives at different levels fused
to one single convex optimization problem

• Challenges: robustness, input selection, on-line learning, large scale
problems, ...
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