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Abstract

One of the requirements for closely spaced parall € approaches
(CSPA) isthe proof that possble blunders of the adjacent aircraft do not
lead to alossof separation. Our paper addresses this problem by
considering the blunderer as a“pursuer” and the other aircraft as an
“evader”. We then use diff erential game methodology to find the safe
region in which it is guaranteed that blunders do not lead to alossof
separation. We apply the technique to a pradica case to show how the
minimum safe longitudinal separation (MSLS) can be computed. Finally,
simulation is performed to show how the technique can be used as an
aerting algorithm for onboard on-line computation.

I ntroduction

Pairs of aircraft approacing closely spaced
parall el runways have to be spaced apart such that
they can perform the gpproach safely. The wake
vortex and the passble blunders of one drcraft define
the unsafe operating region for the other aircraft. Our
paper addresses the mmputation d the unsafe region
dueto the latter phenomenon.We asaume that
pasition and velocity vedor information o eat
aircraft are available from a Wide Area
Augmentation DGPSsystem (WAAS) and
transmitted to the other through a datalink, using, for
example, Automatic Dependent Surveill ance-
Broadcast (ADS-B) [1].

Previous research [2,3,4 has focused onfinding
the minimum separation between the arcraft so that
one drcraft can perform safe amergency evasive
maneuvers (EEMs) shoud the other aircraft blunder in
its approad; aerting and colli sion avoidance
algorithms have been developed to provide diredives
to the evading aircraft. These works used empiricd
and Monte Carlo simulation techniques to oltain the
results. An aternative method wsing analysis based on
differential game theory was propased by previous
reseachers[5,6] for aircraft colli sion avoidance
problems. Our paper appli es this approac spedficdly
to the dosely spacal parall el approach (CSPA)
problem.

Thefirst sedion d the paper describes how the
CSPA isposed as adifferential game problem. It also
provides the analysis and explains the results
oltained. The seaondsedion d the paper discuses
how uncertainties can be incorporated into the
results; the third describes how this approach can be
implemented as an alerting algorithm for CSPA. The
fourth provides the results onthe minimum
longitudinal separation required for safe CSPA. The
last sedion demonstrates the implementation d the
algorithm through simulation wsing a higher order
aircraft model.

Computing unsafe blunder zones

An ursafe blunder zone is one that contains
starting points from which an evading aircraft
(evader) may nat condict the EEM safely because the
blundering aircraft (blunderer) can find at least one
trajedory to cause alossof separation. Its boundary
isthe set of starting points of the EEM for which the
blunderer nealsto doits “best” by using its worst-
case (i.e. minimum-time) control inpusto cause a
lossof separation duing the EEM. It isthus
guaranteea that if the evader startsits EEM outside
the unsafe zone, the blunderer will not be aleto
cause alossof separation regardlessof its choice of
control inpus (within certain bound) during the
evasion.

To find the unsafe blunder zone or rather its
boundry, ou approac involves the foll owing steps:

1. Choose an EEM.

2. Determine the end condtionsin terms of relative
pasition and aientation between blunderer and
evader (terminal states) for which alossof
separation can oceur.

3. Determine the worst-case @ntrol inputs required
of the bluncerer to drive the relative positionand
orientation between bunderer and evader (the



states) to these terminal statesin the minimum
time for the given EEM.

4. Propagate the states backwards in time from these
terminal states using these worst-case @ntrol
inpus.

5. Obtain the unsafe boundxry from the analyticd
solutions of the state propagation.

The analyticd solution d this unsafe zoneis
based onthe solution d atwo-person zero-sum
differential game[7]. The blunderer is assumed to be
the “pursuer” which triesits best to cause alossof
separation with the “evader”.

The EEM could be a d¢imbing turn, for example.
We ssume that if the evader completes the EEM
safely, it would remain safe theredter.

A set of equations of motion hes to be seleded
for the analysis. The use of the higher order full point
massmodel of an aircraft [8] would be difficult for
or+line implementation. The lower order kinematic
model [9] isthus ®leded. Thisallows usto oltain
analyticd solutions of the worst-case trajedories,
enabling ontline computation d the unsafe zones.
However, we neel to assume that speed and turn rate
of the blunderer can be changed instantaneously. This
gives conservative results which is consistent with the
problem as sfety iscriticd.

Figurel. Referenceframe

The kinematic model in coordinates relative to
the blunderer is:
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The notation is shown in Figure 1 above.

Though this only models motion in a horizontal
plane, the climbing turn EEM can still be analyzed by
considering only the turn component of the
maneuver.

The bounds on the control
blunderer are as follows:
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Terminal conditions
A loss of separation is defined to occur when the

two aircraft are 500 ft apart. As such, the terminal
surface in the relative coordinates X, yand Y is:

T ={(x,y.): x* +y* =500%} 3

In differential game terms, the surface can be
subdivided into the Usable Part (UP) and the Non-
usable Part (NUP). The UP isthe part of the terminal
surface in which afurther reduction in separation
distance between the aircraft would occur
immediately when the blunderer uses its worst-case
control inputs. The NUP is that part of the terminal
surface in which the separation distance would
increase immediately even when the blunderer uses
its worst-case control inputs. The boundary between
the UP and NUP is the Boundary of the Usable Part

(BUP) which is:

{yp)OTF={x*+y* =0 (4
Substituting (1) into (4), we obtain:
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where s, =tan™(x/y)

Wor st-case control inputs

As discussed earlier, the solution involves
finding the worst-case control inputs that minimize
the time to drive the state ( X, Y ,{/ ) to the terminal

surface. The associated cost function is thus:

t t
J= = = 6
‘!)'Ldt lldt t (6)
The Hamiltonian, H , is defined as:
H=p'f=|p, p, Bl @)
where p isknown as the adjoint vector.



The worst-case control
following condition:

min[H +L]=min[p x+p,y+p,@ +1=0 (8)
Vi W Vb, Wo

Substituting (1) in (8), we obtain:
min[—a, (p,y = PyX+ P,) =V Py

inputs satisfy  the

€)
+ P,V SiN) + p,v, cos) +w.p,] =-1
The ajoint vedor satisfies the equations:
px = pywb
0 10
Py = =P, (19

o

Py = PxVe COS() — P,V SINQ)
with initial condtions p, =[x y 0]. The “symbal

represents aﬂ in retrograde time.
t
From (9), the worst-case cntrol inpus are:
wb = O‘)max Sgn(A)
O Vo if p,>0
v, = Hindefined if p, =0
E Viin if p, < 0

where A=-p,y+p,x-p,-

(1)

Wor st-case control inputs on terminal surface
On the terminal surface A =0. The worst-case
control inpu, w,, is undefined. Thus, we need to

look at how A changes over time. Taking the
derivative of A with resped to time, we obtain

o

A= _vab'

Similarly, onthe termina surface when y =0,
p, = 0. The worst-case wrtrol inpu, ,, is
uncefined. Taking the derivative of p, with respea
totime, weobtain p =-p g,

From the @ove derivatives and (11), we obtain
the worst-case @ntrol inpus on the terminal surface
as.

Wy = W SNK)

v if  y>0 (12)
Vv, = _

D/min If y RS 0

Thisresult is consistent with intuition. The
blunderer’ sworst-case wntrol inpus gea him
towards the evader. Note however that when x =0

and y = 500, w, is gill undefined. Thisis

possbly aterminal point of aworst-case trajedory
that isformed by the coming together of infinitely
many other worst-case trgjedories, like the mming
together of infinitely many tributaries to form alarge
stream. Such aworst-case trajedory isknown asa
universal surfacein dfferential games. To ched if
these terminal points are where universal surfaces
end, we dhedk the foll owing necessary but not
sufficient condtions:

A y.@, p) =0

H(X7 y’w’ p70‘);'\/:)) :0

AX Y.y, p) =0
where w,, Vv, are the worst-case @ntrol inpus. We
find that these condtions are satisfied for these
terminal points. The worst-case @ntrol inpu, if it
exists, is w, =0. Upon gotting the trgjedories from
these terminal points, we find that a universal surface
existsfrom x =0 and y =500 but not from x =0

and y = -500. A different surface &ists from the

latter terminal point. Thisisasurfacefrom which
infinitely many worst-case trajedories branch ou,
like infinitely many distributaries branching from a
large stream. Such a surfaceis known as a dispersal
surface

(13

Switching Times

The worst-case ontrol inpus given above ae
those spedficdly at the terminal surface Asin (11),
theseinpus are afunction d the state and adjoint
vedors. From (1) and (10), we seethat these vedors
vary with time. Typicdly, (1) and (10) are integrated
numericdly and (11) is evaluated at ead step of the
integration to chedk when the worst-case cntrol
inpus change. However, in this case, we ae aleto
integrate them analyticdly and consequently obtain
analyticdly the switching times of the worst-case
control inpus. Thisis an important advantage & it
saves on computation eff ort and enables on-line
computation.

Integrating (1) and (10) analyticdly, we obtain
diff erent sets of solutions depending onwhether
w,,w, are zero. For the cae when w,,w, # 0, the

solutionsfor x,y,y, p,,p,. p,,A ae€:



X = xocos(wbt)+yosin(wbt)+;i:)[l—cos(wbt)]
v, (14.1)
+wfe[cos(wbt Y 0)—cos(ax g )]
y = —xOsin(wbt)+yocos(wbt)+v—bsin(wbt)
v ' (14.2)
—w—e[sm(wbnwo)_sm(ax+¢:0)]
Y= gytat (14.3)
P, = Vsin(wyt+a) (14.4)
py = Vcos@yt+a) (14.5)
Py = pwo+z)—ev[cos(a—wo)—cos(wet+a—wo)] (14.6)

e

v
= _b -
A = DV[cos(+ayt)-cost)] 14.7)

+Vt[) Xo COS@) =Y, SIN(@)]— Pyo

Vo=, P2x0+Py02

-1
a = tan (pxo/pyo)

Using these analyticd solutions, we obtain the

switches during the evasion. They are & foll ows for

the diff erent “starting” points parameterized by s, on
the terminal surface(recdl that s, =tan™(x/y)):

where

1. For 0<s <Z,Vyswitchesfrom v, toV,

after 1

t=
w
max

min

(% - Sl)

2. For z>s >m,w,switchesfrom w,,, to

= Wy after t= (n-_sl)
max
Similar results are obtained for 0> s > -77.

From s, = 0, we have auniversa surface To oktain
the trajedory that makes up the universal surface we
set the ntrol input to w, = 0 and popagate the
state vedor badkward in time. Recdl that a universal
surfaceis where many worst-case trgjedories

converge. Thesetrgjedories arrive a the universa
surfacethrough using worst-case control inpus

correspondng to either + w,,, of — @, ,, becaise
this stisfies (11). Thus, to oltain these trajedories,
we propagate the state vedor badkward in time from
the universal surfacewith + w,,,, .

Results

With the switching times, worst-case cntrol
inpus, BUP, UP, and the analyticd trajedory
equations, we compute the unsafe boundary. The
bounds onthe speed and turn rate of the blunderer are
chaosen as 150+ 20kt and + 4.2 deg/s respedively.
The speal and turn rate of the evader making the
evasionare 150kt and 4.2 ag/srespedively. These
correspondto a possble red approach condtion.
With these values, we compute the result shown in
Figure 2. Aswith the rest of the paper, we aume
that the blunderer is meant to land onthe left runway
andthe evader is meant to land onthe right rurnway.
Thus during the goproacd, the evader will normally
be onthe right of the blunderer. In this context, bah
left and right EEMs were mnsidered. A left EEM
fliesthe evader towards the goproach path of the
blunderer. The EEM considered is a constant speed
climbing turn where the heading change begins after
adelay of 2.6sec andisconstant at 4.2 ceg/suptoa
heading change of 45 deg. The delay isto acourt for
the fad that when an aircraft starts aturn, the full
turn rate can oy be adieved after it hasroll ed to the
required bank angle for the turn. Also, as explained,
climbing turns may be considered in ou model (1) by
ignoring the dimb comporent of the maneuver.
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Figure 2. Unsafe boundary for left / right EEM

To ill ustrate the worst case ntrol inpus of the
blunderer required to minimize the time to cause a
lossof separation, the trajedories for initia
condtionsmarked ‘a and‘b’ in Figure 2 are givenin
Figure 3. The trajedory correspondng to initial
condtion‘a (interms of relative paositionand
orientation between blunderer and evader) requires



the blunderer to first turn away from the evader and
then turn towards the evader; thisis the shortest-time
trajedory which terminates at 500ft from the evader.
Thisisknown asaswervein dfferential game
theory. The trgjedory correspondng to initial

condtion ‘b’ requires avelocity switch from v, to
Vi, a the switching time computed using (15).
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Figure 3. Swerve and velocity switch (relative
distance never lessthan 500 ft)

There aeinstancesin which aleft EEM all ows
the evader to have ashorter longitudinal separation
from the blunderer as shown by ‘¢’ in Figure 2. To
ill ustrate this, Figure 4 showsthe trgjecories from ‘¢’
where aright and aleft EEM were taken whil st the
blunderer usesits worst-case cntrol inpus. As
expeded, the right EEM leadsto alossof separation
whereas the left EEM keeps the esader safely away
from the bluncerer. In fad, the evader grazes the 500
ft radius circle aoundthe blunderer. Thisisthe
charaaeristic of reading the terminal surfaceonthe
BUP. A left EEM, however, isnot usually used as the
evader will have to fly into the wake of the blunderer.

| ncor por ating uncertainties

As discus=d, the distance from the boundxry of
the unsafe zone to the evader’ s pasitionisafunction
of the blunderer and evader’ s velocities and turn
rates, and their relative position and heading. The
sources of uncertainty are thus:

» theblunderer’sadual speed andturn rate
(these ae considered in the diff erential
game framework),

» the measurement of the blunderer and
evader’ s positions and headings, and

* the “drift” in pasitionand heading in

between sensor updates.
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Figure4. Right EEM (relative distance lessthan
500 ft); Left EEM (relative distance never less
than 500 ft)

We asaume that the paosition urcertainties due to
measurement and dift to beuniformin all diredions.

Let them be denated by oz and &z™™ respedtively.
Let O and O™ bethe mrrespondng
uncertaintiesin heading. To oltain the worst-case

relative uncertainties, we sum the uncertainties due to
measurement and drift as foll ows:

d=dz, +5Ze+5zgrift +dzgrift
O =0, + 0, + O™ + ™

Therelative paosition error isthus contained in a
circle aoundthe evader with radius d as sownin
Figure 5. As aresult of the relative heading error, we
have arange of the unsafe boundxriesfor relative
headings  + &y that must not intersed the aror

circlefor safety. Thus, for on-line computation, we
need to chedk that the aror circle remains outside the
range of unsafe boundaries within the region
contained within the two tangents to the aror circle
that intersed at the blunderer as shownin Figure 5.

Typicdly, &"™ islarger in thein-track
diredionthanin the lateral diredion. Thiswill give
us an error elli pseinstead. In this approach, we
asume an error circle. This smplificaionis,
however, na overly conservative if we aeinterested
in the pasition d the evader with resped to the front
and bad of the unsafe boundary rather than the side
of the boundxry. Thisisthe cae for approachesto
runways aced 75Gt apart with the parameters used



above. If the evader were onthe side of the boundiry,
we can use alessconservative dz%™". Also, if we miss
updates, the oz*™, Sy ™ terms would grow with
time.

Blunderer

Figure5. Incorporating uncertainties

| mplementation

Theimplementation d the éove dgorithmin
CSPA involves two aspeds:

* the oomputation d the MSLS (minimum
safe longitudinal separation), and

* theonline mmputation d the unsafe
bourdary.

The MSLSisthat which ensures the unsafe
boundry doesnat intersed the aror circle aound
either aircraft for almost all of the deviationsin
lateral paositionand heading that can be expeded in a
normal approach. Thisis computed by finding the
furthest forward and badkward the unsafe boundary
can shift within the goproach corridor of the adjacent
aircraft, for such deviationsin lateral positionand
heading.

During the gpproad, the arcraft shoud fly their
approach speeds and maintain separation greaer than
the MSLS. At the same time, bah aircraft compute
ortline the unsafe boundary based onthe airrent
states of bath aircraft and chedsiif they are outside
the unsafe zones. If both aircraft fly nominal
approadies and maintain the MSLS, the on-line
computation would show that ead aircraft is outside
the unsafe zone. When deviations in the goproach
occur, the on-line ommputation will ched if such
deviations cause the unsafe boundary to encroach
uponthe aror circle aoundthe arcraft. If so, an
EEM as asaumed in the unsafe boundary

computation, shoud be mndwcted. Such an EEM is
guaranteal to maintain separation under those
condtions asumed.

MSL Srequired for CSPA

The MSLSrequired for CSPA is computed for
the cae of two similar general aviation aircraft
making the goproach to parall el runways. The latera
and heading deviation data used in the mmputationis
taken from [10] which contains flight test results of a
Beedcraft Queen Air general aviation aircraft
performing instrument approaces. Two o the
various approadhes used in the flight tests are termed
the CDI (Course Deviation Indicator) and the ‘tunrel’
approades. They both use the WAAS corridor
approac as oppcsed to the cmnventional angular
approach using ILS (Instrument Landing System).
They differ however in the aockpit displays. The first
uses the CDI whil st the second ses the *tunrel-in-
the-sky’ visual display. The latter displaysatunnel
describing the gpproach path over a synthetic display
of the view ahead. This was demonstrated to result in
lower Flight Technicd Error (FTE).

Of the 27 approaches flown in the flight testsin
[10], it isreported that 95% of the goproach path
deviations are within the bounds given in Table 1.
(The heading deviation was estimated from the |ateral
deviation) Therefore we will use these boundsin ou
analysis.

Table 1. 95th percentile deviation bounds

Deviation CDiI Tunnd
Lateral +/- 129ft +/- 32ft
Healing +/-8.4 kg | +/-4.2 deg

For the computation d the safe longitudinal
separation, the bounds on the spead and turn rate of
the blunderer are 100+ 5 kt and + 10.9 ag/s
respedively. The speed and turn rate of the evader
making the EEM are 100kt and 8.9 a@g/s
respedively. The fad that the 8.9 deg/sturn rate
canna be atieved instantaneously is also ac@urted
for in the model by including adelay of 2.5sec In
addition, a pil ot resporse delay of 2 secis considered
in the EEM. This delay was observed in flight tests
conduwted in [11]. The sensor error for position and
heading are 15ft and 0.3 eg respedively. The drift
error for positionand heading are 15ft and 5 dbg



respectively. The drift error is estimated assuming a 1
Hz sensor update rate.

The results, given in Figure 6, shows that for the
nominal case on 750 ft runways, the MSL S is about
1500ft for FTE corresponding to the CDI approach.
The tunnel approach, which has a better FTE,
requires sightly less separation than the CDI
approach for 750ft runways and this improvement
becomes significant for 1700 ft runways. Thisis
because the tunnel approach resultsin smaller lateral
deviation, which keeps the aircraft outside of the
unsafe zone. Also, the significant improvement is
because of the geometry of the unsafe zone asin
Figure 2.
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Figure 6. Cockpit display vsMSLS

Figure 7 compares the MSL S required between
EEM types when the CDI approach is assumed. For
right only EEMs (recall that the evader is assumed to
be on the right of the blunderer), the MSLSisonly
slightly more than for the right and left EEM (i.e. the
evader can choose between aleft or aright EEM) for
750 ft runways. On the other hand, for 1700 ft
runways, thereis no differencein the MSLS.
However, asafe left EEM has the advantage of being
safe even beyond the end of the EEM (Figure 4) if it
can be made without encountering the wake vortices
of the blunderer.

Figures 8 and 9 show the change in MSLS when
certain parameters are varied from the nominal case
that assumes 750 ft runways and the CDI approach.
Figure 8 shows that the MSL S increases as the bank
rate of the evader in the EEM decreases. The increase
becomes more significant at lower bank rates. Thisis
because low bank rates can be thought of as having
long delays in responding to a blunder. Figure 8 also
shows the relationship between the heading change of
the evader in the EEM versus MSLS. Recall that the
analysis guarantees safety up to a given heading

change in the EEM. When the EEM assumes alarger
heading change, we have to guarantee safety for a
longer duration. Thus, the larger the heading change,
the larger the unsafe zone and consequently, the
larger the MSLS.
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Figure 9 shows that the larger the bound on the
speed of the blunderer, the larger the MSLS. Figure 9
also shows that the larger the bound on the turn rate
of the blunderer, the larger the MSLS.
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turnratevsMSLS



Simulation

To test the implementation of the on-line
computation of the algorithm, simulation using a
linearized low speed Boeing 747 model [12] is
conducted for approaches to 750 ft runways. The
chosen EEM is aclimbing turn away from the
adjacent aircraft. It consists of aroll to a 30 deg bank
angle and a heading change of 45 deg whilst
maintai ning constant speed and climbing at aflight
path angle of 3 deg.

For computing the MSL S and the simulation, the
normal deviations during approach assumed are given
inTable 2:

Table 2. Normal deviations during approach

Deviation CDI Tunnel
Lateral +/- 100 ft +/- 30 ft
Heading +/- 8 deg +/- 3deg

The bounds on the speed and turn rate of the
blunderer are 150+ 5 kt and + 2.7 deg/s respectively.
The speed and turn rate of the evader making the
evasion are 150 kt and 2.7 deg/s respectively. The
sensor errorsin position and heading are 15 ft and 0.2
deg respectively and the drift errorsin position and
heading are 15 ft and 2 deg respectively. The drift
error is estimated based on a sensor update rate of 1
Hz. The MSLSfor the given parametersis 1191 ft.
The simulation is conducted with an initial
longitudinal separation of 1191 ft.

The blunderer maneuvers are taken from [4].
They consist of 8 approach types:

30 deg heading blunder.

15 deg heading blunder.

Constant 5 deg bank angle blunder.
Slow 10 deg heading blunder.

Slow 5 deg heading blunder.

Fake blunder.

Drift away then over adjust blunder.
. Normal approach.

In al approaches except Approaches 6, 7 and 8,
the blunderer crosses the approach path of the evader.
Altogether, 16 simulations are performed, using the 8
approach types above with the evader in the rear and
in the front.

N~ WNE

In addition to the unsafe boundary computation,
the on-line computation includes a check on the
lateral separation between the two aircraft. When the

lateral separation becomes closer than 200 ft when
the evader is behind the blunderer, an aert isissued
to conduct an EEM. Thisisto keep the evader out of
the wake vortex region of the blunderer.

The simulation shows that the on-line
computation is possible at arate of about 2 Hz using
MATLAB. For al the blunders simulated, the two
aircraft never came closer than 500 ft. All the
blunders with the blunderer in front result in an EEM
except for Approach 6. All the blunders with the
evader in front did not warrant an EEM. Thisis
because the MSL S for an evader flying in front isless
than the MSL S for an evader flying in the rear.

As expected, the simulation for Approach 8
shows that no EEM is required.

Figure 10 shows the results of Approach 1 and
Approach 7. Approach 7 required an evasion because
the heading of the blunderer became large when it
was trying to get back to its approach path.

30 deg heading blunder Drift away then over adjust blunder
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Figure 10. 30 deg heading change, and drift
away and over adjust blunders

Conclusion

A game theoretic approach for computing the
unsafe blunder zone in CSPA has been proposed. The
approach provides guarantees on safety within the
bounds on the control inputs used. The approach also
provides insight on what the worst case blunders are.
By using a kinematic model, the computation of the
unsafe boundaries can be performed on-line whilst
considering uncertainties. The implementation of the
algorithm is described and simulation is conducted to
demonstrate its implementation. In addition, some
sensitivity studies on the parameters affecting the
MSLSis conducted.



The proposed approach is conservative asit does
not consider vertical separation and it assumes that
the blunderer can change itsturn rate and speed
instantaneously. Nevertheless, it provides a means of
guaranteeing safety against blunders for CSPA
subject to the parameters used in the computation.
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