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CMUT with mechanically coupled plate actuators
Linearized electrostatic modeling
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Abstract—This paper derives an analytical model of the elec-
trostatic transduction of a capacitive micromachined ultrasonic
transducer (CMUT) with mechanically coupled plate actuators.
The mass of the coupling geometry significantly affects the dy-
namic deflection shape of the plate actuators. As the electrostatic
transduction of a CMUT depends on the distance between both
electrodes of these capacitive systems, the static and dynamic
deflection shapes are taken into account for the small signal
electrostatic behavior. The analysis of the electrostatic lumped
elements, varying with the bias voltage, reveals a dependence on
the deflection shape. A comparison with finite element simulations
shows good agreement with the analytical model.

Index Terms—CMUT, modeling, superposition, electrostatics

I. INTRODUCTION

Capacitive micromachined ultrasonic transducers (CMUTs)
are multiphysical systems, exchanging energy between differ-
ent physical domains. The most important domains enabling
the principle operation of a CMUT are mechanics, electrostat-
ics and acoustics. The mechanical structure is the connection
between the other two physical fields. The electrostatic field
directly converts electrical energy into mechanical energy or
vice versa.

A CMUT is realized as a variable capacitor consisting of
a fixed and flexible electrode. An applied voltage above both
electrodes causes an electrostatic field generating an attractive
force in transmit mode. The resulting deformation of the flex-
ible electrode can generate acoustic waves. When the CMUT
works in receive mode, an incoming pressure wave deforms
the flexible electrode, which is measurable as capacitance
change. Obviously, the transmit and receive behavior, e.g.
the sensitivity, depends on this electro-mechanical transduction
mechanism [1].

In this paper we derive a model for the electrostatic small
signal operation of a CMUT with mechanically coupled plate
actuators (Fig. 1). The structure consists of two levels: several
plate actuators and a roof structure. The electro-mechanical
conversion takes place at the plate actuators, which are excited
by the force of the electrostatic field in transmit mode. The
motion of the flexible actuators is transferred to the roof
structure via the pillars at the actuator centers. The roof plate
acts as sound source, separating the electrostatic and acoustic
geometry in comparison to a conventional CMUT.
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Fig. 1. Schematic representation of a CMUT with mechanically coupled plate
actuators, transferring their motion to the sound transmitting roof structure in
transmit mode.

II. 1D ANALYTICAL MODEL

An electro-mechanical system can be described as spring
mass damper system, consisting of the mass m, the spring
constant £ and the damping constant b. It is excited by an
electrostatic force
U2 oC |

2 Ow’ M
i.e. the force depends on the electrical voltage U, the ca-
pacitance C' and the deflection w of the flexible electrode,
affecting the gap of the capacitor. The linearized dynamic force
equilibrium

Fel:

mwac + bwac + kwac = Nuac + kawac (2)

is determined by the small signal amplitude wac around the
static operation point of the system [1]. The transformation
factor

OF, oC
N = 806' UDcaf 3)
Upc,wpc w Upc,wpc
and the electrostatic stiffness
0Fy U 0%C
ko = = =2°53 (4)
w Upbc,wpc w Upbc,wpc

are the lumped electrostatic parameters in case of a small sig-
nal operation. These parameters depend on the static deflection
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Fig. 2. Schematic representation of the analytical CMUT model. Approxi-
mation of the mechanically coupled structure (top) as a single electrostatic
plate actuator with a point mass mc, representing the inertial impact of a
hexagonal roof substructure (bottom).

wpc, the DC voltage Upc and the capacitance C'(w) of the
system as function of the deflection. We present a model,
calculating the electrostatic stiffness and the transformation
factor for a CMUT, according to Fig. 1.

A. Deflection shape of a circular plate actuator

The deflection shape of the fundamental actuator mode can
be calculated analytically if the mechanically coupled CMUT
is approximated as single plate actuator with a point mass mc
(Fig. 2). As explained in [2], the following assumptions enable
the calculation of the dynamic deflection shape:

i) Uniform motion of the roof plate;

i) The point mass represents the inertial impact of the
hexagonal roof substructure, that is transferred to the
plate center via the pillar;

iii) The same inertial force on each actuator;

iv) Thin circular actuator plate with small deflections;

v) Local stiffening of the actuator due to the pillar is
neglected;

vi) Fixed clamping of the actuator.

With these assumptions the axisymmetric shape of deflec-
tion can be expressed by means of an approximation function

Wayn (7, €) = WAC Wayn,0

2 c
=w —r ¢ —
AC c_2

c 2
C_2r +1>, (®)]
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Fig. 3. Actuator deflection shape in dependence of the mass ratio Tmass-

separated into a constant deflection shape wgyn,0 and a time
varying amplitude wac [3]. The optimization parameter c
depends on the mass ratio

e ©6)

mp

Tmass =

of the point mass mc and the geometrical mass mp of the
circular plate. The shape of deflection is defined as function
of the normalized radial coordinate » = r//a with the radius
a of the circular plate (Fig. 2). With increasing mass ratio the
shape of deformation changes significantly (Fig. 3). For large
mass ratios (rmass > 1) the dynamical deformation converges
to the static deflection shape of a circular plate loaded with a
center force (Fig. 3) [2].

B. Electrostatic superposition model

The electrostatic lumped parameters are derived by calcu-
lating the capacitance C' in dependence of a single deflection
shape, e. g. the static or dynamic deflection shape of a circular
plate [4]. Afterwards the transformation factor and electrostatic
stiffness can be determined with the first and second derivation
of the capacitance according (3) and (4).

As the dynamic deflection shape of a CMUT with mechan-
ically coupled plate actuators depends on the roof mass, static
and dynamic deflection shapes can vary. In the static case, the
inertial impact of the roof mass can be neglected. According
to assumptions iv) — vi) the static shape of deflection defining
the operation point of a circular plate is [4]:

wstat(r) = WDC Wstat,0 = wDC(l - 7’2)2. @)

The static shape function consists of a constant shape wstat,0
and a static amplitude wpc, which depends on external loads,
e. g. the electrostatic pressure [4].

For the model description of a CMUT with mechanically
coupled plate actuators (Fig. 2), we assume that the actuator
plate vibrates according to (5) around the static deflection
shape. The deflection superimposed yields the total capaci-
tance

1
C = 2rae / 4 dr (8)
0 90 — Wstat (T) — Wdyn (7'7 C)
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in dependence of the electrostatic gap go and the absolute
permittivity €y for the axisymmetric vibration [4].
As the plate oscillates with the small signal amplitude wac
the first derivation

0C(wpc, wac, ¢) 9 /1 ngyn,O(r7 c)
= 2ma“eg —_—
dwac 0 [90 — Wstat (1)]

dr (9

and second derivation
o2C Uorw? (e
(wDCQ; wACvc) _ 271'@260/ dy ,o( )3dr (10)
8wAC 0 [90 — Wstat (7’)]

of (8) according to wac has to be calculated for the transfor-
mation factor IV and electrostatic stiffness k.
With (3) and (9), a normalized transformation factor

Nnorm _ Ng(Q) — /1
0 [1

"~ Upc2maZey
that depends only on the deflection shapes and the normalized
DC deflection wpc/wpr can be defined.
In the same manner a normalized electrostatic stiffness is

defined
1 rw? T, C
_ / dyn,O( ) 3d7".
0 [1 __ wpc

rwﬁyn,O (7”’7 C)

__ wpc
9o

Sdr (1)

wstat,O(T)

kelgg

norm __
U%C 71'0,2 €0

el

(12)

g0 wstat,O(r)

The pull-in deflection wpg is the maximum deflection before
the flexible electrode moves unrestrained to the fixed electrode.
In case of a thin circular plate, the pull-in occurs at 46 % of the
electrostatic gap go. This deflection point can be determined
by solving [4], [5]

OB, 0°*C 9B, 0C
— — 53 =0 (13)
ach 8wDC 8wDC ach
with the mechanical energy
1
E, = katatw]%c- (14)
The mechanical stiffness in case of a static plate deformation
is
D
Fotat = 20.87 -, (15)
a

with the flexural rigidity D [2].

The normalized electrostatic stiffness increases in depen-
dence of the normalized DC deflection for the conventional
approach with a single deflection shape as well as for the
superposition approach (Fig. 4). This can be observed for both
a small (rpass < 1) and large mass ratio (ryass > 1).

The relative deviation
norm
k'superpos

norm
kstat

norm
- kstat

100 % (16)

between the electrostatic stiffnesses kgiier o5 and kgenp™ based
on the superposition approach and solely on the static deflec-
tion shape provides a detailed insight in the difference between
both modeling approaches.

In case of a circular plate without a center mass (7.5 = 0),
the stiffness based on the superposition approach is less

0.46
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Fig. 4. Normalized electrostatic stiffness in dependence of the static deflec-
tion.

than 10 % smaller, but for a plate with a large center mass
(rmass = 10.13 > 1) the stiffnesses differ by up to —35%
(Fig. 5). Even at the pull-in point, the electrostatic stiffness
with superimposed deflections is about 29 % smaller. After
the pull-in the presented model is not valid, because the
vibration behavior [6]. In both cases the deviations reduces
as the deflection increases.

Similarly an evaluation of the transformation factor can be
done, revealing also a reduced transformation factor for a plate
with a large center mass.

III. COMPARISON WITH FEM RESULTS AND MEASURED
DEFLECTIONS

The analytical results are compared with numerical pre-
stressed eigenfrequency calculations. A substructure approach
with one sixth of a single plate actuator and a roof structure
was used for the finite element model (FEM) (Fig. 6). An
modal analysis was performed after prestressing the structure
with a static analysis in ANSYS (17.2, USA). The electrostatic
excitation was realized with Trans126 elements.

The obtained numerically calculated results are compared
with the analytical calculations based on a single deflection

Normalized DC deflection “2c

g0
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Rel. deviation to conv. el. stiffness (%)

Fig. 5. Relative deviation between the normalized electrostatic stiffnesses
based solely on the static deflection shape and on the superposition approach.
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Fig. 6. Substructure FEM model of a CMUT with mechanically coupled plate
actuators.

shape and the superposition approach. The mechanical lumped
parameters are calculated according to [2]. The eigenfrequen-
cies reduce with increasing DC voltage in all investigated cases
as result of the electrostatic stiffness (Fig. 7). The reduction of
the eigenfrequency calculated with the single deflection shape
approach is larger than for the numerical and superposition
based results. FEM and superposition eigenfrequencies differs
with less than 1.5 %, while the deviation is up to 18 % for the
large DC voltages and the conventional approach.

The surface-averaged deflection of a mechanically coupled
CMUT was measured with a digital holographic microscope
(DHM) (LynceeTec, R-Series, Switzerland) [2]. The exper-
imental results show a DC-voltage-dependent amplitude at
2.58 MHz, increasing from 7.74nm to 17.33nm if the DC
voltage is increased by a factor of 2.5. A frequency reduction
with increasing DC voltage is not observed. Possible reasons
are deviations from the model assumptions, e. g. a non-uniform
roof motion, or small applied DC voltages in comparison to
the pull-in voltage. Low DC voltages with small DC deflection
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Fig. 7. Comparison between numerically and analytically calculated eigen-
frequency in dependence of the DC voltage.
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Fig. 8. Surface-averaged deflection of a mechanically coupled CMUT
measured with a DHM.

correspond to small electrostatic stiffnesses.

IV. CONCLUSION

An approach modeling the small signal electrostatics of a
CMUT with mechanically coupled plate actuators was pre-
sented. The model takes the difference between static and
dynamic deflection shape of a circular plate actuator into
account. Both the electrostatic transformation factor and the
electrostatic stiffness reduce when the superposition approach
is utilized. For a CMUT with a large roof mass the elec-
trostatic stiffness is from about 29 % to 35% smaller than
a conventional single deflection shape modeling approach
would predict. Exemplary FEM simulations confirm a smaller
eigenfrequency reduction with less than 1.5 % deviation. Ex-
perimental DHM results verify electrostatic behavior with a
DC voltage dependent amplitude.
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