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Abstract—Acoustic levitation of spherical objects in mid-air is
a technique that is gaining traction in various human computer
interaction applications such as data visualization or interactive
displays. The commonly used hardware platforms are phased
ultrasonic transducer arrays, used to levitate small spheres
of polystyrene. Previous works have used angular spectrum
decomposition of the incident sound field to derive the radiation
force exerted on an arbitrary sphere. We show an alternate
formulation more suited to sound fields from transducer arrays,
based on direct spherical harmonics expansions of the sound
fields from the individual transducer elements in the array.
Finally we investigate how the truncation order of the spherical
harmonics expansion influence the calculated force, for varying
sphere sizes.

I. INTRODUCTION

Dexterous manipulation of the levitating objects in real-time
requires fast calculation of the phases of the elements in the
array. This is typically achieved using either simple, limited
models of the radiation force along with numerical optimiza-
tion, or empirical direct expressions for the element phases [1].
These methods require the levitating object to be small enough
that Rayleigh scattering can be applied, i.e., ka < 1 where a
is the radius of the sphere and k = ω/c is the wavenumber
of the impinging waves [2]. Levitation of larger objects has
previously been done using computationally expensive models
to calculate the radiation force, which prevents practical real-
time manipulation of objects [3].

We propose spherical harmonics based modeling of the
radiation force, where the expansion coefficients are calculated
directly from the known radiating elements in the array.
Accurate radiation force calculation requires expansion of the
pressure field from each element at, in principle, infinite orders
of spherical harmonics. This is naturally not possible, and for
a spherical object of finite radius there is a limiting value to
which the expansions at lower orders will converge to. Using
our formulation, we investigate the relation between expansion
order, sphere radius, and resulting force. This is done using a
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simulation of a 16x16-element array of ultrasonic transducers,
which is similar to the arrays used in previous works [4, 5, 6].
The elements are phased with a static scenario known, based
on simpler models, to produce stable acoustic levitation of
small beads at arbitrary positions above the array.

In this paper we describe our sound field model and
subsequent radiation force model in section II, followed by
results from numerical simulations to investigate the relation
between bead size and required spherical harmonics expansion
order in section III.

II. METHOD

Our method is composed of two parts: how to efficiently
obtain the spherical harmonics expansion of a sound field
generated by a phased array using elementary sources, and
how to calculate the radiation force on a spherical object in
an arbitrary sound field using spherical harmonics expansion.
Note that the last part is not dependent on the first, and can be
applied to any sound field of which the spherical harmonics
expansion is known.

A. Sound field decomposition

The sound field pi impinging on a body can be written as
a sum of spherical harmonics and spherical Bessel functions,
as [7]

pi(~r) =

∞∑
n=0

n∑
m=−n

jn(kr)Sn,mYnm(θ, ϕ) (1)

where ~r is the position vector in the field, Sn,m are the
expansion coefficients, and the time dependency e−iωt is
implicit. The spherical harmonics bases Ynm are given as

Ynm(θ, ϕ) =

√
2n+ 1

4π

(n−m)!

(n+m)!
Pm
n (cos θ)eimϕ, (2)

where the associated Legendre polynomials Pm
n are given as

Pm
n (x) = (−1)m(1− x2)m/2 d

mPn(x)

dxm
, (3)

Program Digest, 2019 IEEE International Ultrasonics Symposium (IUS)
Glasgow, Scotland, October 6-9, 2019

978-1-7281-4595-2/19/$31.00 ©2019 IEEE TuD6.3



and all coordinates are taken relative to the center of the
levitating bead. In a similar way the scattered sound field can
be written as

ps(~r, ω) =

∞∑
n=0

n∑
m=−n

hn(kr)Ŝn,mYnm(θ, ϕ), (4)

where hn(kr) = h
(1)
n (ka) = jn(kr)+iyn(kr) are the spherical

Hankel functions of the first kind. If the scattering body is a
solid sphere of radius a the coefficients Ŝn,m of the scattered
sound field can be found as [8]

Ŝn,m = − jn(ka)j′n(k∗a)− Z̃j′n(ka)jn(k∗a)

hn(ka)j′n(k∗a)− Z̃h′n(ka)jn(k∗a)
Sn,m = cnSn,m

(5)
where Z̃ is the relative impedance (ρ∗c∗)/(ρ0c0), subscript ∗
indicating the material of the sphere and subscript 0 indicate
the medium, and primed symbols indicate derivatives with
respect to the argument.

For an arbitrary incident sound field the expansion coef-
ficients Sn,m can be calculated using a spherical integration
surface Ω, as

Sn,m =
1

jn(kr0)

∫
Ω

pi(~r)Y
∗
nm(θ, ϕ)dΩ (6)

where r0 is the radius of the spherical integration surface.
Note that if this equation is applied directly it is essential
that the radius of the integration surface is chosen to avoid
zeros of the spherical Bessel functions jn(kr0). If the sound
pressure field is created by a discrete transducer array it can
be written as the superposition of the contributions pj from
each element j. Since both the summation and the integral for
the coefficients Sn,m converge uniformly we can exchange the
order of summation and integration as

Sn,m =
∑
j

1

jn(kr0)

∫
Ω

pj(~r)Y ∗nm(θ, ϕ)dΩ =
∑
j

Sj
n,m, (7)

i.e. the expansion coefficients of the superposed incident sound
field are given by the summation of the expansion coefficients
for each element in the transducer array.

Each transducer element is modeled as a point source,
generating the pressure

pj(~r) =
qj

|~r − ~rj |
eik|~r−~rj | (8)

where ~rj is the location of element j and qj is the complex
source strength for the element. Modeling the transducers
as point sources is a convenient choice due to the simple
expressions for the expansions coefficients, see below, but
there are ways to include the directivity of the transducer as
well [9]. The expansion coefficients for the above expression
are known to be [7]

Sj
n,m = qj4πikhn(krj)Y ∗nm(θj , ϕj) (9)

in the region r < rj , i.e. closer to the scatterer than the
transducer element. Note that this formulation does not require

choosing a suitable radius for an integration surface, in contrast
to the direct application of (6). Equations (7) and (9) are the
main equations for our sound field model, and the reason why
our approach is suited for transducer arrays.

B. Radiation force from spherical harmonics expansions

We use a method very similar to Sapozhnikov and Bailey to
calculate the radiation force, with differences in the description
of the sound field [10]. Their approach is to use a plane wave
decomposition of the sound field, solving the scattering prob-
lem using spherical harmonics decompositions of each plane
wave separately. As shown above, we use a solution of the
scattering problem where a spherical harmonics decomposition
is used directly, without any plane wave decomposition. We
also use a simpler model for the scattering coefficients cn for
our computations, but it is very easy to use other formulations
of the scattering coefficients, e.g. [11, 12]. Modifying the
derivations in section II D in the above mentioned paper with
our description of the sound field gives the following result
for the radiation force

Fx =
1

8ρ0c20k
2
<

{ ∞∑
n=0

n∑
m=−n

ΨnAnm

· (Sn,mS
∗
n+1,m+1 − Sn,−mS

∗
n+1,−m−1)

}

Fy =
1

8ρ0c20k
2
=

{ ∞∑
n=0

n∑
m=−n

ΨnAnm

· (Sn,mS
∗
n+1,m+1 + Sn,−mS

∗
n+1,−m−1)

}

Fz =
1

8ρ0c20k
2
<

{ ∞∑
n=0

n∑
m=−n

ΨnBnm(Sn,mS
∗
n+1,m)

}

(10)

where
Ψn = i(1 + 2cn)(1 + 2c∗n+1)− i

= 2i(cn + c∗n+1 + 2cnc
∗
n+1)

Anm =

√
(n+m+ 1)(n+m+ 2)

(2n+ 1)(2n+ 3)

Bnm = −2

√
(n+m+ 1)(n−m+ 1)

(2n+ 1)(2n+ 3)

(11)

which differers from the original result only in the definition
of the expansion coefficients Sn,m and the coefficients Ψn.
Equations (10) and (11), supported by (7) and (9) are the main
theoretical results of this paper.

C. Comparison with previous works

This section is a short comparison with the original equa-
tions derived by Sapozhnikov and Bailey [10]. To recover the
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original expressions, take the incident pressure as a superpo-
sition of plane waves

pi(~r) =

1

4π2

∫∫
k2
x+k2

y≤k2

S(kx, ky)ei(kxx+kyy+
√

k2−k2
x−k2

yz)dkxdky

(12)
which can be expanded as in (1) by using the addition theorem
for spherical harmonics to obtain the expansion coefficients [7]

Sn,m =
in

π

∫∫
k2
x+k2

y≤k2

S(kx, ky)Y ∗nm(θk, ϕk)dkxdky (13)

where θk, ϕk denote the incidence angle corresponding to
kx, ky , compare with (34) in [10]. Inserting this expression in
(10) directly reduces to the expressions in the original work.

III. RESULTS

A flat transducer array with 16 × 16 elements in a square
grid with a 1 cm spacing between the element centers is used
for all simulations. Each transducer element is modeled as a
point source, see (8), operating at 40 kHz and with a maximum
amplitude of |qj | ≤ 6 N/m. The array phases are chosen to
produce a sound field capable of capturing a small bead, by
focusing all transducers at the desired location but including
an additional phase shift of π radians for one side of the array
[5].

The radiation force is calculated using (10) for varying radii
a corresponding to ka between 0.05 to 50 up to order n = 50.
The target levitation location is 80 mm above the center of the
array, and the forces are calculated 1 mm offset in each axis.
The calculations are not performed in the center of the trap
since the symmetry of the sound field causes the horizontal
forces to be zero in the center of the trap.
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100μ
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Fig. 1. Magnitude of force components from representative orders, shown
over ka by varying the radius of the target sphere.

From (10) we identify the partial force components ~Fnm

and the force component ~Fn of a given order n, as

~F =

∞∑
n=0

n∑
m=−n

~Fnm =

∞∑
n=0

~Fn. (14)

The magnitude of the force components |~Fn| are shown for a
few representative orders in Fig. 1. In a practical implemen-
tation the infinite sum needs to end after a finite number of

orders n ≤ N . The total force vector at a given truncation
order N , i.e.

~FN =

N∑
n=0

~Fn (15)

is shown in Fig. 2 for a few orders.
From Fig. 1 it is clear that the higher order components

do not play a role for smaller spheres. For ka < n the force
magnitude is increasing with (ka)2n+1, with the exception
of n = 0 which behaves like n = 1. This behavior is
expected from a small argument approximation the scattering
coefficients cn and the coefficients Ψn. Similar behavior can
be seen from the varying truncation orders of the force vector
in Fig. 2. Comparing the lower order truncations with the
higher order truncations show that a truncation of order N
is consistent with the higher order truncations up to ka ≈ N ,
similar to results obtained in [11, pp. 427]. We can also see
many resonances in the large ka domain, and that for the
simulated case the higher order components act to smooth out
the lower order components to some extent.

10n
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100μ

0.01

10n

1μ

100μ

0.01

5 0.1 2 5 1 2 5 10 2 5
10n
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100μ

0.01

1 3 9 27

Fig. 2. Total force vector for different truncation orders N .

IV. CONCLUSIONS

We have shown a fast explicit method for calculating the
radiation force on spherical objects in a sound field generated
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by e.g. phased arrays. Our simulations indicate that for a
given radius of the spherical object it is sufficient to truncate
the spherical harmonics domain summation at approximately
order ka = N , which confirms expectations based on previous
works.

The approach is easily optimized for repeated calculation
of the radiation force at a given location for different settings
of the phased array by storing the constant values Sj

n,m/qj
for each element in the array, as well as the coefficients in
(11). The radiation force for a set of array element amplitudes
and phases ~q is then calculated using simple additions and
multiplications of the pre-calculated values, and no Bessel
functions or spherical harmonics are evaluated. This is a
structure highly suited for numerical optimizations using the
array settings as the parameters of a cost function, and can be
used to numerically determine array configurations to fulfill
some condition, similar to what is done in [4].
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