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Abstract—=Power flow studies are typically used to determine
the steady state or operating conditions of powerystems for
specified sets of load and generation values, argléne of the most
intensely used tools in power engineering. When thénput
conditions are uncertain, numerous scenarios need be analyzed
to cover the required range of uncertainty, and hece reliable
solution algorithms that incorporate the effect ofdata uncertainty
into the power flow analysis are needed. To addresBis problem,
this paper proposes a new solution methodology baten the use
of optimization techniques and worst-case scenarianalysis. The
application of these techniques to the power flow rpblem with
uncertainties is explained in detail, and severalumerical results
are presented and discussed, demonstrating the effareness of
the proposed methodology
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I. INTRODUCTION

IEEE

analysis are therefore required [6], [10], [11].

Reliable power flow algorithms allow system operatto
estimate both the data (uncertainty characterizptamnd the
solution tolerance (uncertainty propagation assesgmthus
allowing to evaluate the level of confidence of povilow
studies. These algorithms should also effectivalppsrt
sensitivity analyses aimed at estimating the rétehange in
the power flow solution with respect to changeut data,
since this information is important for system gstd and
operators to, for example, ensure efficient andursgeqrid
operation, minimize losses, and coordinate proteattlaying
against contingencies.

Conventional methodologies proposed in the litestu
address reliable power flow analysis by means déaikbel
probabilistic methods [12], and sampling-based epghes
[13], which account for the variability and stoctiasature of
the input data. In particular, uncertainty propagatstudies
based on sampling-based methods, such as Monte'€arl

A robust and reliable power flow analysis is an eigalen require several model runs that sample various auatibns
requirement of many Energy Management Systeof input values. Since the number of required meodes may

(EMS) applications, such as network optimizatioo/tage
control, state estimation and others [1], [2]. histcontext,
there is a wide variety of power flow solution aiigoms that
have been proposed in the literature (e.g. [1]-[Blpwever,
their application is often complicated by the prese of
system uncertainties [6], which are due in paréictb:

» the increasing number of smaller geographicallpelised

generators [7];
» the increasing penetration of renewable power gdioer

(8];

be rather large, the needed computational resodocethese
types of studies could be prohibitively expensive.
Probabilistic methods are useful tools, especidiy

planning studies. However, as discussed in [10][2f} these
present various shortcomings due mainly to non-abrm
probability distributions and the statistical degence of the
input data, as well as the problems associated adgturately
identifying probability distributions for some inpdata, as in
the case for example of the power generated by winsblar
generators. These could lead to complex computattbat

* and the difficulties arising from the prediction danmay limit the use of these methods in practicalliapfions,
modeling of competitive market behaviors, governeskspecially in the study of large networks.

mainly by unpredictable economic dynamics [9].
Since these uncertainties could affect the povesv 8olutions
to a considerable extent, more reliable solutigo@ihms that
incorporate the effect of data uncertainties it power flow
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In order to overcome some of the aforementioned
limitations of sampling- and statistical-based et the
application of self-validated computing, as defimed14], for
uncertainty representation in power flow studies Heeen
proposed in the literature. The simplest and mogtufar of
these models is Interval Mathematics (IM), whictbésically
a numerical computation technique where each gyaiti
represented by an interval of floating point nunsbeithout
the need to assume a probability structure [15].e Th
application of IM to power flow analysis has beewestigated
by various authors [9], [16], [17]. However, theoption of



this solution technique present many drawbacks veleri
mainly by the so called “dependency problem” of [M]. In
particular, the use of the Interval Gauss elimomatin the
power flow solution process leads to realistic 8olubounds
only for certain special classes of matrices (&gnatrices,
H-matrices, diagonally dominant matrices, tridiagon
matrices) [18]. The problem of excessive cons&matin
interval linear equation solving could be overcobyeusing
Krawczyk’s method or the Interval Gauss Seidelaitien
procedure; nevertheless, in these cases, the ilirdapower
flow equations should be preconditioned by an Mrixah
order to guarantee convergence. These drawbacks the
application of IM to power flow studies rather cdmp and
time consuming.

In this paper, simple, robust and computationafficient
methods for power flow analysis with uncertaintiase
proposed. Thus, it is first shown that the hull fabary of the
power flow solutions can be reliably assessed Iyirgpa set
of non-linear optimization problems. As a result this
analysis, useful approximations of the solution rmsi are
proposed based on straightforward assessments seft @f
optimization and deterministic power flow solutions
comparison between the power flow solution bourfatsioed
by using a Monte Carlo based approach and the peabo
methods for several IEEE benchmark systems is predgend
discussed in order to assess the effectivenedsegbroposed
methodologies.

The rest of the paper is organized as follows: iSecH
review briefly the power flow problem and the sagcof
uncertainties. In Section Ill, an analysis of theluson
boundaries of the power flow problem is presentedd
reliable and simple method to estimate these baieslare
proposed. Section IV discusses the applicationaatidation
of the proposed methodologies for several IEEE b
benchmark system. Finally, the main conclusions al
contributions of the paper are highlighted in Set.

Power flow analysis deals mainly with the calcaatof the
steady-state voltage-phasor angles and magnitufiegheo
network buses, for a given set of parameters suchoad
demand and real power generation,
assumptions such as balanced system operation.d Base
these voltages, the network operating conditionsichv are
typically reflected in the real and reactive poflews on each
branch, power losses and generator reactive powguts,
can be determined. Thus, the input (output) veemldf the
power flow problem are typically: the real and itae power
(voltage magnitude and angle) at each load busa(afkQ
buses); the real power generated and the voltagmitnde
(reactive power generated and voltage angle) 4t gacerator
bus (a.k.a. PV buses); and the voltage magnitudieazgle
(the real and reactive power generated) at th& slas.

PROBLEM FORMULATION

A. Power Flow Equations
The basic equations typically used to solve the gydilow
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problem are the real power balance equations aPthend
PQ buses, and the reactive power balance at thdu2es.
These equations can be written as:
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where:
N is the total bus number;
nQ is the set of the buses in which the reactive pasve
specified;
nP is the set of the buses in which the active power
specified;
P*" and Q" are the real and reactive power injections
specified at i-th angth bus;
\7i =V.004 is thei-th bus voltage (in polar coordinates);

Y, =Y.08, is theik-th element of the bus admittance

matrix.

Due to the nonlinear nature of the power flow eiunest (1),
numerical methods are employed to obtain a solutiat is
within an acceptable tolerance. Furthermore, limdsa
variables such as the reactive powers at PV basesypically
considered by computing these powers, which igatrivand
“switching” buses from PV to PQ and vice versa, afatfing
on the values of the reactive powers or voltagenitages at
these buses.

B. Source of Uncertainty in Power Flow Analysis

Uncertainties in power flow analysis stem from sale
sources both internal and external to the powetesysMany
Udcertainties are the result of the complex dynanat the
@enerator and load active and reactive powers dhatvary
due to, for example, the:
overall economic activities and population in thlsized
area (long term);
weather conditions (short term);
price of electricity in relation to prices of othgoods as

well as competing energy sources (short and medium
and under certainterm;

technological improvements on the energy end-useg(l
term).
A further source of uncertainty derives from ther@asing

number of wind- and solar-power sources and smaller

geographically-dispersed generators connectecetgrid. The
significant growth of the number of these genesatoould

sensible affect power dispatch and transactions tdugheir

unpredictability and increased control, protecticand

maintenance complexities. Furthermore, in the cade
intermittent/nonprogrammable energy sources suctwiad

and solar, the power profiles may vary widely witie natural
fluctuations of the energy sources associated hithation and
time, due to weather changes such as clouds artipsitterns,
which may be hard to predict [19].
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The difficulties arising from prediction and modied of simplified solution approach could be used by idtrcing
the electricity market behaviour, governed mainly breasonable assumptions justified by operationaéeepce. In
unpredictable economic dynamics, represent anagtlevant particular, since the lowest (highest) bus voltagegnitudes
source of uncertainty in power flow analysis. Farthore, are expected when the power network is more (legsled, in
uncertainties may be induced by model errors, dughe (2) it is possible to fix the load demand to itsxmaum
approximations in the values of the resistances;tamces and (minimum) value to obtain the minimum (maximum) tegje
shunts in the models used to represent transmigisies and magnitudes. For the voltage angles, exactly theosip
transformers [20]; these types of uncertainties ao¢ as applies. Consequently, the bus voltage magnitud&an
significant as those associated with input actimd eeactive bounds can be estimated by solving the followintinoigation
power variations, and are hence not considerdaeiptoposed problems:

methodology discussed next. ﬂ?% Vv, 0j0 nL,iOnG,kO nQ,I0 nP
ll. PROPOSEDSOLUTION APPROACH s.t. g(pM I R.P.Q)>=0
Since data uncertainties could affect the detestiini P =P 4)
power flow solution to a considerable extent, t@hasolution P <P<P
algorithms that incorporate the effect of data uradeties into et
the power flow analysis are therefore required. sEhe Qi = Qmin
algorithms should allow the analyst to reliablyireste the ~
hull boundary of the power flow solutions. In thisy, the min § 0Oj OnL,i OnG,kOnQ, 10 nP
: : : L VRRQ
uncertainty propagation effect is explicitly repeted and the
level of confidence of power flow studies can bseased. s.t. 9(PM I R.R.Q)=0
Power flow solution bounds can be computed rigdyolg P=P.n (5)
solving the following optimization problems: P <pP<pP
max/ minV, 0jOnLi0nG kO nQ,I0 nP e ™
arRq ’ N Q= Qmn
s.t. g(PVg.R.P,Q)=0
Pun <P <P . ) (mi;% V, 0j0nL,i0nG,k0 nQ, 10 nP
I:?min < F|) < I-T)malx S.t. g (p’\/k ’Jl, E),FJ) ,Q ): 0
Qjminst SQmax PJ :F?max (6)
~ ~ I:?min < I:|) < I-T)malx
max/ min § 0jOnL j OnG kO nQ,IO nP
Vang A HEE Q Q; = Qmax
s.t. 9(PM 9 P.F.Q)=0
Pmn <SP <SP (3) V{g% g 0jOnL,i0OnG kOnQ,I0nP
Prin € B < P st g(p\, I, P,P.Q)=0
QjminS(?j S(2max F’J :ijax (7)
Where:- . l:?min < PI < li:max
p is the vector of fixed power flow parameters sashhe "
voltage magnitudes at the PV buses and the slask bu Qi = Qmax
voltage angle; The solution of these optimization problems yieldetiable

nL is the set of the PQ buses in which the Speciﬁ@&timation of the power flow solutions bounds ateduced
active and reactive power are uncertain; computational cost compared to the rigorous apprd2g(3).

2. . . ..'I('Ja“lis is mainly due to the reduced number of optatidn
nG s the set of the PV buses in which the specifigd i.1\o< involved in (4)-(7). It should be mentidrthat in the
active power is uncertain;

i ) . optimization problems (2)-(7), the effect of reaetipower
g(ly is a vector function representing the power floyyits can be introduced by means of the optimaatinodels

quations 2); . discussed in detail in [21].
Vi is the voltage magnitude at tkeh bus; The problem can be even further simplified throuah
& is the voltage angle at theth bus. “worst case” analysis of the load/generation sdesaiThus,

The solution of theseP + nQ) nonlinear programming (NLP) based on the operational knowledge of powers sygsténe
problems is not trivial and hence could requireemsive idea is simply to obtain the solution to the follog/4 power
computational resources, especially for large-sgadaver flow problems:
networks. 1. Minimum load and maximum generation.

In order to reduce the complexity of these compatat a 2. Minimum load and minimum generation.
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Fig. 1: Bus voltage magnitude bounds: (a) Buse8;1({8 Buses 81-162.

3. Maximum load and maximum generation.

4. Maximum load and minimum generation.
These deterministic power flow solutions can themisined
to approximate the corresponding bounds. Althougls t
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Fig. 2: Bus voltage angles bounds: (a) Buses 1{8®Buses 81-162.

should be noted that increasing the number of M@uado
simulations beyond 5000 did not yield any significahanges
to the solution intervals.

Without loss of generality, a + 10% tolerance ohl@dd

method vields only a rough approximation of the | huPOWers was assumed. For power generations, 5 dersera

boundary of the power flow solutions, it should dmeful in
practice, as demonstrated by the results obtaioedeflistic
power networks in the next section.

IV. SIMULATION RESULTS

This section first discusses the application of gheposed
methodology to the power flow analysis with uncetias of
the IEEE 162-bus test system [22]. The power fl@hution
bounds obtained by the proposed technique are cechpga
those calculated using a Monte Carlo simulationhwat
uniform distribution, which is typically assumed ye&ld the
“correct” solution intervals. For the latter, 50Q0fferent
values of the input variables within the assumgaliirbounds
were randomly selected, and a conventional powew fl
solution was obtained for each one; this procegieieled the
desired interval solutions defined by the largest ahe
smallest values of the bus voltage magnitudes agtes. It

were assumed to vary their input within a + 10%etahce.
Observe that this defines an interval wide enowagproperly
evaluate the proposed method. With these load andrgtor
power bounds that represent input data uncertaittig,
optimization problems (4)-(7) were solved to estenshe
bounds of the power flow solutions.

The voltage magnitude and angle bounds obtaindd thit
proposed optimization approach are depicted in.Higand 2,
respectively. Observe that the proposed methodolgiggs
fairly good approximations of the power flow sotutibounds
when compared to the benchmark intervals obtainiga tve
Monte Carlo approach. Notice also that the solutiominds
are slightly conservative, which is due to the fdwit the
proposed technique yields “worst case” bounds. &hi® be
expected, since, as stated in [23], the randomformiy
distributed variation of parameters (with mean émqero)
assumed in the Monte Carlo approach tends to ustileete



the worst case variations. This can be considemeatigantage [4]
of the proposed approach, since no assumptionsdiegathe
probability distribution of load and generator powariations
are required.

The solution bounds obtained by applying the predos
optimization-based methodology were then compavettidse (g
obtained by solving the 4 worst-case power flowhe T
corresponding estimation errors obtained with thisple
approach are less than 1%.

Further studies carried out by the authors on BielEl 57-
and IEEE 118-bus test systems confirm these rest®m
these studies, it was observed that:

* The employment of the proposed optimization baseg
methodology allows the analyst to obtain a reliable
estimation of the power flow solution bounds coneplaro 0l
those computed by the Monte Carlo approach. This
estimation is slightly conservative compared togbkition
bounds computed by the Monte Carlo method. Onlg in11]
limited number of cases a slightly underestimatdrthe
voltage angle upper bounds in the order of 2-3 deqg. [12]
some buses was observed.

¢ The simple worst-case power flow studies allowahalyst
to obtain a rough but fast estimation of the poflew
solution bounds. This approximation was characterizy
estimation errors in the order of 1-2% comparedh® [15]
bounds computed with the proposed optimizationdbase
methodology.

(5]

(8]

[13]

[14]

V. CONCLUSIONS [16]

This paper discussed and experimentally compared tw
proposed alternatives to sampling-based approafdrethe
computation of power flow solutions bounds in thesence of [17]
data uncertainty. The proposed solution strateiedased on

o : [18]
optimization models that allow a reliable assessnuénthe
solution bounds, and a worst-case scenario andhaisyields
a rough but fast approximate solution. The proposed
techniques were assessed on realistic power systems [19]

The obtained results demonstrate that the proposed
approaches are well suited for the assessment c#riainty [20]
propagation in power flow solution, with the optaation-
based methodology vyielding better approximationsigher
computational costs than the worst-case power Bbvdies.
The presented studies should allow analysts tosghbetween
the two proposed methods, depending on whetherr thei

[21]

interests are computational costs or precision. [22]
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