
  
Abstract— The influence of the imperfect earth on the 

propagation characteristics of underground single bare 
conductors and single core insulated cables arrangements is 
investigated in this paper. The propagation characteristics are 
derived through the per-unit-length parameters of the 
conductors, using new expressions for the earth impedance and 
admittance correction terms. The influence of the earth 
electromagnetic and geometric configuration properties are 
thoroughly analyzed and the results are compared to the 
corresponding ones obtained by other approximate approaches. 
Finally, the buried conductor parameters calculated by the 
proposed method are used in a model, simulating typical fast 
transients. 
 

Index Terms— buried conductors, power cables, transient 
analysis. 

I. INTRODUCTION 
HE extensive use of underground systems either for power 
transmission or telecommunication purposes during the 

last decades, necessitates the accurate modeling of 
underground arrangements. One topic of major importance is 
the detailed representation of the influence of the involved 
media and especially of the earth. In transmission line 
modeling the influence of the imperfect earth is generally 
taken into account by means of proper correction terms. 

Pollaczek [1] first, suggested such earth correction terms for 
the series impedances of underground cable systems, 
assuming a resistive, homogeneous earth behaving as a 
conductor. Sunde [2] extended the original Pollaczek’s 
formulas taking also into account the influence of earth 
permittivity on the earth return impedances. Additionally to 
the above well known approaches, several other simpler 
approximations have been reported in the literature and have 
been systematically discussed in [3]. 

However, the accuracy of all these models is limited to the 
low frequency range, since they neglect the influence of the 
imperfect earth on shunt admittances [4], [5]. A more rigorous 
model at the high frequency (HF) region, for the calculation of 
the per-unit-length (pul) earth impedance and earth admittance 
has been proposed by Vance [6] for the case of a single  
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conductor. Recently, in [3] and [7] the earth impedance and 
earth admittance formulas of Sunde and Vance respectively 
have been adopted in order to create a suitable model for the 
simulation of fast travelling wave transients. 

Scope of this paper is to present analytic expressions for the 
calculation of the earth correction terms for the series 
impedances and the shunt admittances of underground 
systems. The analysis of this work is focused on the single 
conductor case, although it can be easily applied to 
multiconductor arrangements. 

The new expressions are used to investigate the influence of 
the earth admittance on the wave propagation characteristics 
of a single core underground insulated cable and of a bare 
conductor arrangement. Several earth topologies and burial 
depths are assumed, in order to investigate the influence of the 
frequency dependent behavior of earth on the propagation 
characteristics of the underground conductors.  

The accuracy of the proposed model in both arrangements is 
validated by comparing the obtained results with the 
corresponding ones, resulting from [2] and [7]. 

Finally, the underground cable parameters, derived by the 
proposed methodology are used in fast electromagnetic 
transient simulations to examine their impact on the transient 
responses of cable systems. 

II. IMPEDANCE AND ADMITTANCE FORMULAS 

A. Problem formulation 
The fundamental equations describing the EM field 

propagation, generated by a dipole in inhomogeneous media, 
belong originally to Sommerfeld [8]. 

Based on his work, Wise [9] – [10] and Kikuchi [11] 
proposed the same analytic formulas, for the calculation of 
both impedance and admittance earth correction terms of 
conductors or cables located in the air above a lossy 
homogeneous earth. These formulas have a generalized form, 
since they include all EM properties of all involved media and 
are functions of the unknown propagation constant xγ . 

Their model can be properly transformed to the 
underground cable problem formulation by simply changing 
the medium in which the EM field is generated. Therefore, 
replacing the air terms with the corresponding ones of earth 
and vise versa, the problem under study is shown in Fig. 1 and 
the earth mutual impedance and admittance expressions have 
the form of (1) and (2) respectively. 
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Fig. 1: Geometric configuration of two insulated underground conductors in 
homogeneous earth. 
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where IdS is the moment of the dipole,  u is the integral 
variable and functions ( )A u′  and ( )B u′  are expressed from 
the topology of the problem and are given in the Appendix. 

A basic difficulty in the calculation of (1) and (2) is the 
presence of the unknown propagation constant xγ . To 
overcome this, a common approximation is to assume that in 
the quasi-TEM field propagation, the propagation constant γx 
can be set equal to zero. This practically means that cables are 
electrically short and the contribution of the earth correction 
term for the conductor admittance is neglected, limiting the 
solution of the problem to frequencies lower than some 
hundreds of kHz [4], [5]. 

At high frequencies a better approximation is to set 

1 1x xjk jγ ω μ ε≈ =  [6]. This is equivalent to assume a 
lossless propagation along the conductor, although the 
propagation constant will be recalculated more accurately at a 
second step through the pul parameters. The mutual earth 
impedance and admittance formulas take their final form in (3) 
and (4) respectively. 
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pul mutual earth admittance 
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where 2 2 2
k k xa kλ γ= + + , ( )2 γ ωμ σ ωε= +k k k kj j  for k=0, 1 

and  λ is the new integral variable. 
The self earth impedances and admittances are derived from 

(3) and (4) respectively, by replacing yij with cable outermost 
radius and hj with hi. 

The complex semi-infinite integrals of the earth correction 
terms are evaluated numerically, using the integration scheme 
of [12], which has been proved to be very efficient 
numerically for the type of integrands involved. 

B. Transmission line modeling 
The pul equivalent circuits of the single bare and insulated 

conductor cases, involved in the Transmission Line equations 
are represented in Figs. 2a and 2b respectively [3], [13]. 
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Fig. 2: Pul equivalent circuits of underground conductors. (a) Single bare 
conductor, (b) single core insulated cable. 
 

For insulated cables, the impedance earth correction term of 
(3) is added to the internal impedance of the conductor, due to 
the skin effect and to the inductance of the insulator, due to the 
magnetic field penetration. The admittance earth correction 
term of (4) is added to the capacitive admittance of the 
insulation. 

For bare conductors, the total impedance is the sum of the 
earth and the internal impedances, while the shunt admittance 
is expressed only by the term of (4). 

C. Remarks on the expressions 
Observing (3) and (4) the following remarks can be noticed: 
The generalized expression of (3) transforms to the existing 

formula of earth impedances for underground power cables, 
proposed by Sunde [2], simply by setting kx equal to zero. 
Additionally, if the influence of the earth permittivity is 
neglected then (3) reduces to the corresponding formula of 
Pollaczek [1]. 

The quantities in the integral formulation of the pul 
parameters in (3) and (4) relate each to specific properties of 
the EM field. The first term in the integral of ( )F λ expresses 
the primary field, if the conductor was placed in an unlimited 
homogenous medium with the EM properties of earth, as 
shown in the Sommerfeld wave equations [8]. The remaining 
two terms of ( )F λ  and the ( )G λ  function represent the effect 
of the conduction and displacement currents of the secondary 
field respectively, due to the presence of the air-earth 
interface. 

The above remarks can be noticed, considering for 
simplicity the single bare conductor case, i. e. for hj equal to 
hi. Ignoring the internal impedance term, which for 
frequencies above some tens of kHz is a valid approximation 
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[7], the propagation constant of the bare conductor bγ is 
defined through the pul parameters in (5). 
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Assuming air with EM properties equal to those of earth, 
the calculated propagation constant bγ becomes equal to 1γ , 
since ( )G λ  and the last two terms of ( )F λ  vanish. 

If we assume that hi tends to infinity, i.e. the conductor is 
located in infinite depth, again bγ equals to 

( )1 1 1 1j jγ ωμ σ ωε= + , since the air-earth interface is 

practically neglected, due to the exponential type of the above 
mentioned terms. 

Finally, neglecting ( )G λ and the first two terms of ( )F λ , 
the proposed model reduces to the model proposed by 
Petrache et al. [7]. In this model, the earth return impedance is 
similar to that of [2], however it is independent of the burial 
depth, neglecting the air-earth interface and is evaluated 
numerically using a logarithmic approximation. The 
calculation of the earth admittance is based on an estimation 
of the propagation constant [6], where it is taken equal to the 
propagation constant of earth 1 γ , assuming earth as an infinite 
medium. 

III. SYSTEM UNDER STUDY 
The propagation characteristics of a single bare conductor 

and of a single core insulated cable arrangement, shown in 
Fig. 3, are examined. The same conductor core is used in both 
configurations, while additionally the insulated cable contains 
an outer insulation. Conductors are assumed to be buried in 
variable depth in earth with varying resistivity and 
permittivity. The relative permeabilities of all involved media 
are assumed to be equal to unity. 
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Fig. 3: Examined underground single conductor configurations. (a) Single 
bare conductor, (b) Single core insulated cable. 

IV. THE BARE CONDUCTOR CASE 

A. Influence of conductor’s depth 
First, the influence of the burial depth on the bare conductor 

propagation characteristics is investigated, using the proposed 
model. 

The characteristic impedance magnitude and phase constant 

for 1 1000 mρ = Ω ⋅ is shown in Figs. 4 and 5b, while the 
attenuation constant for 1 100 mρ = Ω ⋅ is shown in Fig. 5a. In 
both earth topologies earth relative permittivity is 10 and the 
conductor is located at 0.5, 1.2 and 5 m in earth. 

In order to compare and verify the accuracy of the results by 
the proposed model, in Figs. 4 – 5 the corresponding terms 
obtained by Petrache et al. [7] are also presented. Note, that 
for the bare conductor case the propagation constant terms of 
[7] identify to those of earth. 

 
Fig. 4: Characteristic impedance magnitude for different burial depths. 
 

 
Fig. 5: (a) Attenuation constant for ρ1=100 Ω·m, (b) Phase constant for 
ρ1=1000 Ω·m and different burial depths. 

 
Small differences are recorded between the two models. 

However as the burial depth increases the differences are 
further reduced. In all cases the calculated propagation 
constant terms get lower values to the corresponding ones, 
obtained by [7]. For burial depths higher than 5 m, the 
influence of the air medium, especially in the MHz frequency 
region is negligible and the propagation constant terms of the 
proposed model are identical to the corresponding of earth. 
This is the reason, why researchers like Vance ignored the 
burial depth in the calculation of the pul earth parameters [14]. 

The above results are in total agreement with the 
fundamental assumptions of the quasi-TEM propagation in 
inhomogeneous media [15], verifying also the validity of the 
proposed expressions. 
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B. Influence of earth EM properties 
Next, the sensitivity of the propagation characteristics 

against earth resistivity in Figs. 6-7 and earth permittivity in 
Figs. 8-9 respectively is investigated, assuming the conductor 
buried in 1.2 m. 

 
Fig. 6: Characteristic impedance magnitude for different earth resistivities. 
Earth relative permittivity is 10. 
 

 
Fig. 7: (a) Attenuation and (b) phase constants for different earth resistivities. 
Earth relative permittivity is 10. 

 
It is shown in Figs. 6 – 7 and 8 – 9, that the propagation 

characteristics of the bare conductor are very sensitive to earth 
resistivity and earth permittivity. The magnitude of the 
characteristic impedance is a non monotonic function of the 
frequency, since at the MHz frequency region and for earth 
cases with high resistivities, a maximum peak point is 
recorded. The value of the peak point and of the corresponding 
frequency decrease, as the earth permittivity increases, while 
the frequency of the peak value increases as the earth 
resistivity decreases. 

The attenuation and phase constants in Figs. 7a – 9a and 
7b – 9b respectively vary proportionally to the corresponding 
EM properties of the earth. Therefore, the attenuation constant 
decreases in the whole frequency range as earth resistivity and 
earth permittivity increases, while the phase constant reduces 
as the earth resistivity increases or the earth permittivity 
decreases. 

 
Fig. 8: Characteristic impedance magnitude for different relative earth 
permittivities. Earth resistivity is 500 Ω·m. 
 

 
Fig. 9: (a) Attenuation and (b) phase constants for different relative earth 
permittivities. Earth resistivity is 500 Ω·m. 

V. THE INSULATED CABLE CASE 

A. Comparison with other approaches 
The propagation characteristics of the single insulated 

underground cable are calculated first using the proposed 
model. 

Next, the earth models of Petrache et al. [7] and Sunde [2] 
are used in the analysis. Sunde’s model [2] neglects the 
influence of the imperfect earth on the admittances, while in 
this work the semi-infinite integral of the earth impedance 
correction term is numerically evaluated using the integration 
scheme of [12]. 

In Fig. 10 the characteristic impedance magnitude of the 
single core cable of Fig 3b, calculated by the three models, is 
presented for cases of 1 100 mρ = Ω ⋅  and 1 1000 mρ = Ω ⋅ . In 
both earth topologies it is assumed that 1 10rε =  and 

1.2 md = .
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Fig. 10: Characteristic impedance magnitude for different methods and earth 
resistivities. 

 
In Figs. 11a and 11b the attenuation and phase constants are 

shown, for 1 1000 mρ = Ω ⋅ . The corresponding terms of the 
propagation constants of the earth and the insulator, defined 
respectively as ( )1 1 1 j jγ ωμ σ ωε= + , ins ins insjγ ω μ ε=  are 

also plotted in these figures to show the differences resulting 
by each approach, since the propagation characteristics are 
expected to be between these boundary values [5].  

Results show that the proposed model and the model of [7] 
are in very good agreement, as expected considering the 
previous results for the bare conductor case. Differences are 
recorded in the magnitude of the characteristic impedance, due 
mainly to the approximations in the approach of [7]. However, 
both models present the same behavior in all propagation 
parameters in all examined cases. 
 

 
Fig. 11: (a) Attenuation and (b) phase constants for the two methods. Earth 
resistivity is 1000 Ω·m. 
 

Results by Sunde’s model for the characteristic impedance 
show a completely different behavior in the MHz frequency 
region, being monotonic decreasing functions with frequency. 
Significant differences are also recorded in the propagation 
constant terms, since curves corresponding to Sunde’s model 
tend to higher values than those of the propagation constant of 
earth in the MHz region. 

On the contrary, the propagation constant calculated by the 
proposed model is between the corresponding values for the 

earth and the insulator media, which is in agreement with the 
fundamental assumptions of the quasi-TEM propagation in 
inhomogeneous media [5]. The differences between the 
proposed and Sunde’s models appear in the frequency region 
of kHz, where earth begins to behave also as an insulator and 
the admittance earth correction term cannot be disregarded. 

B. Influence of conductor depth 
The influence of the imperfect earth on the insulated cable 

propagation characteristics is further examined. 
First, the insulated cable is assumed to be buried at variable 

depths in earth, where the latter has EM properties 
1 500 mρ = Ω ⋅ and 1 10rε = . The attenuation and phase 

constants are presented in Figs. 12 (a) and (b) respectively. 

 
Fig. 12: (a) Attenuation and (b) phase constants for different burial depths. 

 
As the burial depth increases, the attenuation constant takes 

slightly lower values for frequencies up to 5 MHz, while for 
higher frequencies results follow a different order. This type 
of behavior is due to the complex influence of the EM 
properties of both the imperfect earth and the cable insulation. 
However, the phase constant in the whole frequency spectrum 
increases as the burial depth increases, similar to the bare 
conductor case. 

C. Sensitivity to earth EM properties 
Next, the cable is located at 1.2 m and earth is assumed with 

resistivity 500 Ω m⋅  but with variable permittivity. The 
curves of Figs. 13(a) and 13(b) show that the propagation 
constant is affected significantly by earth permittivity, 
following the same type of behavior as in the bare conductor 
case. 
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Fig. 13: (a) Attenuation and (b) phase constants for different earth 
permittivities. Earth resistivity is 500 Ω·m. 
 

Finally, the influence of earth resistivity in Figs. 14 (a) and 
14 (b) is examined, comparing the results of the proposed 
model to the corresponding obtained by Sunde’s model. 

As shown the attenuation constant calculated with Sunde’s 
model is slightly affected by the EM properties of the soil 
almost up to 2 MHz, as also observed in [3] for the pul 
parameters. As frequency increases higher values of the 
attenuation constant are recorded for the topology with earth 
resistivity 1000Ω m⋅ . On the contrary, the proposed model 
behaves in a completely different way. For frequencies below 
1.5 MHz, the proposed model is strongly affected by earth 
resistivity resulting in higher attenuation as 1ρ  increases. For 
frequencies in the MHz region the opposite behavior of the 
attenuation constant is observed. This is due to the fact the 
earth acts differently depending on the frequency. At high 
frequencies as the earth resistivity increases, earth shows 
strong dielectric properties [8], considering the variation with 
frequency of earth propagation constant 1γ . 

 
Fig. 14: (a) Attenuation and (b) phase constants for different methods and 
earth resistivities. 

VI. TRANSIENT RESPONSES 
Of vital importance is the investigation of the impact of the 

earth EM properties on the actual voltages and currents 
resulting from a transient simulation. Therefore, the test case 
of the insulated cable of Fig. 3b has been implemented in 
ATP-EMTP [16], using the time domain, distributed 

parameter traveling wave transmission line model. A double 
exponential voltage source with a magnitude of 1 p.u. and 
time constants 1.2/50 μs is connected at sending end S of the 
conductor, while the receiving end R is terminated at a 10 Ω 
resistance. The cable is buried at 1.2 m, the line length is 
100 m and earth has relative permittivity 10. 

The pul parameters of the cable model are calculated at 4 
different discrete frequencies, namely 10 kHz, 100 kHz, 500 
kHz and 1 MHz and the corresponding transient voltages are 
presented in Fig. 15, assuming earth with 1 100 mρ = Ω ⋅ . As 
it can be observed the voltage rippling, caused by reflections 
at the line end, reduces as frequency increases, due to the 
increased attenuation across the cable line. 

 
Fig. 15: Voltage recorded at a distance 50 m from the sending end S for 
different frequencies. 
 

In Fig. 16, the transient voltages are recorded at different 
points across the transmission line. Earth resistivity is 500 
Ω·m and the pul parameters have been calculated at 100 kHz. 
As the distance from the sending point increases the voltage 
rippling is gradually reduced, due to the reduced influence of 
the travelling waves along the line. 

 
Fig. 16: Voltage recorded at different distances from the sending end S at 100 
kHz. 
 

Finally, in order to demonstrate the effect of ignoring earth 
admittance correction term, in Fig. 17 the transient voltages 
recorded at a point 50 m away from the sending end S are 
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presented. The propagation characteristics have been 
calculated at 500 kHz using the proposed and Sunde’s model. 
As shown, the influence of the earth resistivity is almost 
negligible for Sunde’s model, while the proposed model 
presents a significant sensitivity, as mentioned previously for 
the propagation characteristics. 

 
Fig. 17: Voltage recorded at a distance 50 m from the sending end S for 
different models and earth resistivities. 

 
The differences between the results of the two models are 

amplified as earth resistivity increases, due to the frequency 
dependent behavior of earth related to the dominant influence 
at the HF of displacement currents. This type of behavior can 
only be predicted, by taking into account the earth admittance 
correction term, as in the proposed model. 

VII. CONCLUSION 
A proper formulation for the calculation of the impedances 

and admittances of underground bare and insulated conductors 
is presented in this paper. Although, the proposed expressions 
can be applied to any multiconductor arrangement, the 
analysis is focused to single conductor configurations. 

The impact of the earth EM properties on the propagation 
characteristics of buried conductors is systematically 
investigated, considering different earth topologies and cable 
arrangements. Special emphasis is given on the significance of 
the earth admittance correction term and the frequency 
dependent behavior of earth, especially at the high frequency 
region. 

In both bare and insulated conductor cases it is shown that 
the propagation constant behaves proportionally to the 
propagation constant of earth, as the EM properties of the 
earth vary. However, the burial depth does not affect 
significantly the propagation constant but the characteristic 
impedance. 

More specifically, the introduction of the earth admittance 
correction terms enables the calculation of the propagation 
characteristics of bare conductor arrangements, in contrary to 
most of the earth models presented in the literature. The 
influence of the EM properties is very significant and the 
validity of the proposed model is verified comparing results 
with the corresponding ones obtained by the model of 

Petrache et al. 
For the insulated cable case, the same remarks as in the bare 

conductor case can be concluded, regarding the influence of 
the EM properties. However, in some cases the direct 
interpretation of the results is not easy, due to the complex 
influence of the earth and the insulator. Differences between 
the proposed and the model of Sunde are recorded, due to the 
omission of the frequency dependent behavior of the earth 
through the earth admittance correction terms.  

Finally, the calculated propagation characteristics are used 
in the simulation of fast transients in order to check the 
significance of the proposed model on the actual transient 
responses simulation. 

The proposed model allows the direct calculation of the 
earth correction terms of physical conductors in arbitrary 
underground arrangements. Therefore, it can be used for 
actual multiconductor power cable systems in various earth 
structures. In combination with the numerical integration 
scheme it offers a complete package for the calculation of the 
transient model parameters of underground cables. 

VIII. APPENDIX 

Functions ( )A u′  and ( )B u′  are given by: 
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