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Abstract--This document describes the determination of the 
saturated inductance of a transformer, which is the slope of the 
saturation curve Φ(I) under highly saturated conditions. 
This parameter, which has a strong impact on the overvoltages 
when energizing a transformer,  has been determined from 
analytic formulae for a shell-type transformer. 
Comparisons with the values derived from an electromagnetic 
3D calculation and on-site tests are also given in this paper. 
 
Index Terms--Energization, power transformers, inrush 
currents, saturated inductance, air-core inductance, core-type, 
shell-type. 

I. NOMENCLATURE 

Lsat : saturated inductance of a transformer under highly 
saturated conditions (H) 

Laircore  :   air-core inductance of a transformer (H)  
Lleakage : leakage inductance of a transformer winding (H) 
Φ(I) : saturation curve of a transformer (Wb) 
N :  number of turns of a winding (H) 
Zr : reference impedance (Ω) 
Sr : rated power (VA) 
Ur  : rated voltage (V) 
Lt,i : self-inductance of the turn i (H) 
Mt,ij : mutual inductance between the two turns i and j 
   (H) 
 
For a shell-type transformer with pancake-type winding: 
Ms,km : mutual inductance between the two sides k and m

 (H) 
Ms,km(L,d) : mutual inductance between the two equal sides 

k and m, which length is L and separated by the 
distance d (H) 

a : width of a turn (m) 
b : length of a turn (m) 
α, β : dimensions of the section of a conductor (m) 
dij : distance between the pancakes i and j (m) 
hi : radial thickness of the pancake i (m) 
ti : longitudinal thickness of the pancake i (m) 
Ni : number of turns of the pancake i 
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C/t  : phase-to-ground capacitance of the overhead lines
 (F) 

n : nominal flux in the transformer (Wb) 
rA : residual flux in limb A (Wb) 
rB : residual flux in limb B (Wb) 
rC  : residual flux in limb C (Wb) 
Kc  : coordination factor taking into account the 

accuracy of the calculation (e.g. discrete initial 
conditions) proposed in the IEC 71.1 standard. 

Ks  : aging factor associated to the insulation of the 
equipment, used in the IEC 71.1 standard. 

L()  : magnetization inductance including saturation 
 (H) 

Ll1  : leakage inductance of the primary circuit (H) 
Ll2 : leakage inductance for the secondary circuit (H) 
Lsat  : last slope of the saturation flux-current curve  (H) 
RCu1  : electric resistance of the primary circuit () 
RCu2  : electric resistance of the secondary circuit () 
RFe  : resistance describing the core losses (�) 
SN  : rated power of the target transformer  (MVA) 
UN  : nominal voltage of the EHV side of the target 

transformer  (kV) 

II. INTRODUCTION 

The energization of power transformers may create the 
saturation of the magnetic core and lead to high 
overvoltages and inrush currents. The magnitude of those 
stresses depends on the following different parameters: 
- closing times of the circuit-breaker poles, 
- residual fluxes in the core, 
- transformer parameters as the winding connections, the 
hysteretic curve of the magnetic core and  the value of its 
air-core inductance. 

This last parameter, which characterizes the slope of the 
saturation curve Φ(I) under highly saturated conditions, is 
deduced from the air-core inductance, as follows: 

leakageaircoresat LLL    (1) 

Firstly, this paper describes the guiding principles of the 
analytical formulae giving the values of the air-core 
inductances, based on the determination of the sum of self 
and mutual inductances. 

Secondly, analytical formulae have been determined for 
shell-type transformers with winding in pancakes. 
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Thirdly, the saturated inductance has been determined 
and applied to a 96 MVA transformer. The analytical 
approach has been compared: 
- to the simulations made with a 3D electromagnetic field 

program; 
- and to the value of the Lsat parameter determined by a 

comparison between on-site tests and EMTP 
simulations. 

 

III. GENERAL PRINCIPLES OF THE ANALYTICAL 

CALCULATION OF THE AIR-CORE REACTANCE 

The calculation of the air-core reactance of a transformer 
is mainly based on the calculation of sums of self and 
mutual inductances, derived from assumptions enabling 
those calculations. 

From a theoretical point of view, it can be said that the 
self-inductance of a winding, constituted by two elements A 
and B in serie may be determined by making the addition of 
the self inductances of A and B, and also the double of the 
mutual inductance between A and B; extending those 
assumptions to a winding made of N turns, the air-core 
inductance may be derived as follows: 
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This is also described by the fig. 1 below: 
 

 
 
Fig. 1.  Interaction between the two turns i and j, for a core-type 
transformer. 

 
The exact theoretical calculation of the mutual between 

two circular turns has been described by Maxwell [1], [2], 
and is based on elliptical integrals derived from the 
Neumann’s formula. Those approaches are at the origin of 
those generally used by manufacturers for the calculation of 
air-core inductances. 

 

IV. DETERMINATION OF THE AIR-CORE REACTANCE 

FROM ANALYTICAL FORMULAE FOR A SHELL-TYPE 

TRANSFORMER 

A. Description of the approach 

The shell-type technology makes the calculation of air-
core inductance from analytical formulae more complex, 
because of the rectangular form of the turns, as described on 
fig. 2 below. 
 

 
 
Fig. 2.  Magnetic circuit for a shell-type transformer. 

 
 

 
 
Fig. 3.  3D-view of a shell-type transformer with windings in pancakes. 

 
The proposed analytical approach consists in subdivising 

the HV winding in well chosen parts so that self and mutual 
inductances could be calculated with accurate formulae: 
- The self-inductances of one pancake is obtained by 

calculating, for each turn, the self-inductance and the 
mutual inductances with the other turns, and then by 
summing all those values. The mutual inductance 
between two turns is calculated from the sum of the 
different sides of both rectangles. 

- The mutual inductance between two pancakes is 
obtained by summing all the mutuals corresponding to 
each couple of turns from two different pancakes. 

- The global self-induction is the sum of selfs and mutuals 
of every couple of pancakes. 
The insulation and the rounded edges of the pancakes are 

not taken into account in this approach. 
The self-inductance Lt,i of a single turn i is given by the 

following formula [3]: 
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Fig. 4.  Geometrical dimensions of a turn. 

 
The mutual inductance between two orthogonal sides is 

equal to zero. The mutual inductance Ms,nq between two 
parallel sides separated by a distance d (see parameters on 
fig. 5) is deduced from mutual inductances, noted 

Pancake 

Magnetic circuit 
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Ms,n’q’(L,d), between two parallel equal sides of appropriate 
length L and separated by the distance d [3].  
 

 
 
Fig. 5.  Parameters of the mutual inductance in the following cases: two 
parallel equal sides (a), two parallel unequal sides (b). 
 

The mutual inductance between two parallel equal sides 
(case (a) in the fig. 5) n and q of length L is given by the 
following formula: 
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The mutual inductance between two parallel unequal 
sides (case (b) in the fig. 5) n and q can be deduced from the 
previous formula as follows: 

),(),( '''','',, dpMdpmMM qnsqnsnqs    (5) 

Considering geometrical symmetries, the mutual 
inductance between two turns can be calculated from the 
mutual inductances between the parallel sides of the two 
rectangles [3], as follows: 

 28,26,17,15,, 2 sssskmt MMMMM    (6) 

 

 
Fig. 6.  Parameters of inductive coupling between: two turns (a), two 
pancakes (b). 
 

B. Application to a 96 MVA auxiliary transformer 

This analytical approach has been applied to a 96 MVA 
auxiliary transformer of a 1300 MW thermal power plant. It 
consists of a 400 kV/6.8 kV shell-type transformer, with 
pancakes type windings, made of 960 turns for the HV one.  

The calculation has led to a value of 0.22 p.u. for the air-
core inductance, this value being 17% under the value of 
0.26 p.u. given by the manufacturer (see Table 1) with an 
accuracy of 20%. 

A comparison with an electromagnetic 3D software is 
given in chapter 4. 
 
 
 

 
 
 
 
 
 

 
TABLE I 

COMPARISON BETWEEN THE ANALYTICAL APPROACH DEVELOPED AND THE 

VALUE GIVEN BY THE MANUFACTURER, FOR THE 96 MVA TRANSFORMER. 
 

Analytical approach 
for shell-type 
transformers 

Manufacturer value 

Laircore = 1.157 H 
 (0.22 p.u.) 

Laircore = 1.4 H 
(0.26 p.u.) 

 
The mutual inductances between pancakes represent 

around 85% of the global air-core inductance.  
 

V. COMPARISON BETWEEN THE ANALYTICAL APPROACH 

AND AN ELECTROMAGNETIC 3D CALCULATION  

(SINGLE-PHASE AND THREE-PHASE SIMULATIONS) 

A. Description of the 3D  approach 

The results of the analytical approach have been 
compared to the simulations performed with the 
electromagnetic 3D software “FLUX3D”. It enables, in 
particular, the calculation of the 3D magnetic field 
developed in the transformer and requires a 3D geometrical 
meshed model of the transformer (see Fig. 7). 
 

 
 
Fig. 7.  Model of a shell-type transformer in FLUX3D. 

 
The FLUX3D approach has been applied to the shell-

type transformer previously mentionned. The relative 
permeability r is set to 1 in order to meet very high 
saturation requirements faced during the energization. The 
simulations were performed in steady state conditions, first 
in a single-phase mode, secondly in a three-phase mode, in 
order to evaluate the mutual inductances between phases. 
The transformers were supposed to be no-loaded, which is 
the case during their energization. 

Considering the results given by FLUX3D, the air-core 
inductance can be determined from three equivalent ways: 
the calculation of the energy, the determination of the 
impedance or the calculation of the magnetic fluxes. 

B. Case of a single-phase simulation 

The FLUX3D single-phase approach was applied to  the 
determination of the air-core reactance for the shell-type 96 
MVA transformer. Its high voltage and middle voltage 
windings are connected in serie.  

The three-phase coupling is a wye one for MV-HV 
windings, a delta connection for the LV winding. 
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In the simulation, a single MV-HV phase was energized, 
no matter which phase it was because of the symmetry, and 
other windings were all left open. 

From the results given by FLUX3D, the three methods 
(either energy, impedance, or flux) give 1.21 H as value of 
the air-core inductance  for the  96 MVA transformer.  

C. Influence of the mutual inductances: results of three-
phase simulations for two technologies 

As the energization of a transformer is a three-phase 
operation, the inductive coupling between phases slightly 
modifies the slope of the saturation curve Φ(I), compared to 
the single-phase case. The coupling phenomena can be 
represented by mutual inductances between phases. 

To take into account the mutual-induction between 
phases and to estimate its influence on Laircore, three-phase 
simulations have been performed on the shell-type 96 MVA 
transformer, in steady state conditions, with no-load 
conditions at the secondary side and in the following 
conditions: 
- three-phase power conditions, 
- presence of the low voltage required, as its delta 

coupling enables induced currents. 
The air-core inductance for the middle phase is the 

highest one, due to the geometrical proximity with both 
windings of phases 1 and 3, which leads to higher mutual 
induction coefficients. 

In the case of the shell-type 96 MVA transformer, the 
FLUX3D approach has led to a value of 1.219 H (0.23 p.u.) 
for phase 1.  

This value is 5% higher than the value of 1.157 H (0.22 
p.u.) calculated by the analytical approach for shell-type 
transformers presented in chapter 3. The value provided by 
the manufacturer is equal to 0.26 p.u. 

It must be noticed that the determination of the air-core 
reactance by the FLUX3D approach requires several hours 
for the modeling of the transformer and simulations to be 
performed. For the analytical approaches developed, the 
calculation time essentially depends on the number of turns 
and the technology.  

It remains less than 5 mn for a 960 turns (per HV phase) 
pancake-type winding of a shell-type transformer, with a ~2 
GHz processor. 

 

VI. VALIDATION BY COMPARISON WITH ON-SITE TESTS 

A. Description of the network and modelling of the 
equipment. 

The 96 MVA transformer energization has been studied 
in real conditions, matching the process used for the re-
energization of thermal plants in some cases after a 
blackout. 

The complete network has been modelled, with the 96 
MVA transformer, energized from a 900 MW thermal plant 
through a long line of 133.6 km. This network is shown in 
figure 8, the circuit-breaker from which the transformer is 
energized is located in the substation of the thermal plant , 1 
km from the transformer: 
 
 

Power
plant

Thermal
plant

Transmission lines

96 MVA

 
 
Fig. 8.  Description of the 400 kV network. 

 
The power plant includes a 1120 MVA generator 

followed by a 1080 MVA step-up power transformer.  
The network equipments have been represented under the 

phenomena being involved, as follows: 
- the 900MW generator is represented by an sinusoidal 

voltage source behind its subtransient reactance X"
d 

impedance and the damping derived from the time 
constant T"

d, those parameters being given by the 
manufacturer. 

- the 1080 MVA shell-type step-up transformer is 
modeled by a three single-phase transformers where the 
leakage reactances, the copper and core losses and the 
saturation are taken into account. The coupling is 
represented Ynd11, with its grouding reactance of 25 � 
and its surge arrester. The resistance values are increased 
in order to take into account the eddy currents and skin 
effects. 

 
 

EHV side MV side 

RCu1 RCu2 Ll1 Ll2 

L() RFe 

 
 
Fig. 9.  Description of the transformer diagram (one phase). 

- the zinc oxide surge arresters, having a rated voltage of 
360 kV are represented by their non-linear resistance [9]. 

- the overhead lines are described by PI cells, the R, L, C 
parameters being derived from the electrical and 
geometrical parameters given by the Transportation 
Division using an auxiliary routine of the EMTP 
program. The number of PI cells has been chosen to 10 
in order to represent correctly its exact impedance under 
the fifth harmonic which is the resonance frequency of 
this network (see figure 9), 

- the corona effect affecting the overhead lines is also 
represented, by non-linear resistances inserted along the 
PI cells [5]. Their parameters describing the losses are 
derived from the ratio between the electrical field 
generated by the wires over the Peek’s critical field. 

- the target 96 MVA transformer with its triangle coupling 
at the secondary side is modeled like the previous one 
[4] except that the hysteretic curve is completely 
represented. The saturation is built from the voltage-
current curve [6] given by the manufacturer. The 
parameter Lsat, describing the slope of this curve under 
extreme saturated conditions, is fixed at 0.16 p.u. (1), 
equal to 0.89 H, in order to be conservative. The 
manufacturer has proposed 0.20 pu with an accuracy of 
20 %, taking into account that the value is not well 
defined, the transformer being only tested under low 
saturation conditions. 

Note (1) : The Lsat in p.u. is derived from the one in Henry by 
the following expression:  
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From the real on site tests performed, it has been possible 
to determine a resonant frequency of 240 Hz of the upstream 
network [10]. A frequency scan performed with this EMTP 
program has then been performed on the entire network, as 
shown below, figure 10 describing the direct impedance, a 
three-phase current source replacing the saturation part of 
the target transformer in order to get the equivalent 
impedance of the network : 
 

 
 
Fig. 10.  Direct impedance versus frequency of the 400 kV network. 

 
It shows a resonance close to the fifth harmonic (244 

Hz), the zero impedance being characterized by a frequency 
of 491 Hz. 
 

B. Description of the 96 MVA transformer energization and 
determination of the Lsat parameter by comparison 
between on-site tests and simulations with the EMTP 
program 

B.1  On-site tests 

On site tests have been performed by the Technical 
Transportation Division of EDF, his 96 MVA transformer 
has been energized [11] from the power plant.  

An acquisition system has been installed in the substation 
and especially on the circuit breaker. Phase-to-ground 
voltages and inrush currents have been measured from the 
on site dividers (voltage and current transformers) located in 
the substation. The outputs of the dividers are connected to 
the central acquisition system. All electrical values have 
been digitized at the sampling rate of 400 Hz and processed 
in order to be used with a software (Matlab). 

B.2  Determination of the initial conditions associated to the 
on-site tests 

They are determined as follows : 
- the closing instants of the breaker are obtained from the 

measurements performed on the inrush currents. For 
each phase, the closing instant is located when the 
current of the same pole becomes non negative. 
In the case of those on-site tests, they are 2, 7 and 7 ms 
for phase A, B and C respectively. The 0 ms is defined 
when there is a zero-crossing of the positive wavefront 
of the phase A-to-ground voltage, introducing a same 
reference for the measurements and the simulations. 

- the residual fluxes are derived from the integration of the 
phase-to-ground voltages of the transformer (secondary 
side at 6,8 kV) after the opening of the circuit breaker. 
In the case of this test, the measured residual fluxes are 
0, -75 and 75 Wb in the limbs of phases A, B and C 

respectively. That represents about 7 % of the nominal 
flux of this transformer. 
The purpose of the following part is to assess the network 

parameters X"
d, C�/t and the Lsat slope of the saturation curve 

of the target transformer within their accuracy boundaries 
and, then, compare the results between the on-site 
measurements and the simulations. 

B.3  Determination of the resonant frequency of the network 

The resonance frequency of the network has been 
performed by the mean of a Fourier analysis triggered 
immediately after the energization and made on the 
measured phase-to-ground voltages. 

A frequency scan of the network with its standard 
parameters determines the resonance frequency of the 
phases A, B and C at 244.1 Hz, 235.8 Hz and 238.6 Hz 
respectively, implying an average resonance frequency of 
239.5 Hz. 

The resonance frequency of the simulated network shows 
that the discrepancy is 7.5 Hz compared to the measured 
frequency. Since these parameters X"

d and C�/t are known 
within an accuracy of 15 % and 5 % respectively, the 
resonance frequency of the simulated network may reach the 
measured one when increasing X"

d and C�/t by 11 % and 5 
%. In that case, these frequencies decrease to 235.2 Hz, 
226.5 Hz and 229.2 Hz respectively. 

The average value is therefore 230.3 Hz which is inside 
the accuracy range of the measured frequency with these 
determined parameters. 

B.4  Determination of the slope Lsat of the saturation curve 
�(I) for the target transformer 

During the first times (periods of 50 Hz) immediately 
after the closing of the breaker, the inrush currents mainly 
depend on the saturation curve of the target transformer [7] 
[8] and especially on the Lsat slope of this curve. 

With a Lsat equal to 0.16 p.u. (conservative side), the 
maximum amplitude is reached for the pole A which implies 
a maximum deviation of 21.5 %, the simulations computing 
333 A instead of 274 A measured. 

If this last value is set to 0.21 p.u. which is in the 
accuracy boundaries (0.20 pu ± 20 %) given by the 
manufacturer, the deviations reach their minimum values, as 
shown in table 2 below: 
 

TABLE II 
COMPARISON OF THE MAXIMUM AMPLITUDES OF THE INRUSH CURRENTS 

BETWEEN SIMULATIONS AND MEASUREMENTS FOR LSAT EQUAL TO 0.21 PU. 
 

 Phase A Phase B Phase C 
Measured 274 A 161 A 342 A 
Simulated 280 A 139 A 327 A 
Deviation 2.2 % 13.7 % 4.4 % 

  
The  maximal amplitude of the inrush currents are 274 A, 

161 A, 342 A for phases A, B and C respectively, as shown 
in figure 11 for phase B. 
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Fig. 11.  Comparison between simulated and measured currents for phase 
B. 

 
This value of 0.21 p.u. for the air-core inductance is very 

close to the one previously determined by the analytical 
approach gives 0.19 p.u. for the Lsat parameter, and leads to 
a good agreement between the simulated and measured 
currents (see fig. 11). 

VII. DISCUSSION 

The air-core inductance is not, in most cases, a key 
parameter for manufacturers, which are more focused on 
short-circuit issues from the specifications required by 
utilities. They often provide a value for the air-core 
reactance, generally calculated by approximate formulae 
using a global geometry of the transformer (envelope of the 
winding), with a 10 to 20% accuracy. 

For utilities, the Lsat value is highly critical for certain 
studies, because a 10% surestimation of the Lsat can lead to 
underestimate stresses during the transformer energization 
by a factor of 30%. The analytical approaches developed in 
this paper enable an improvement of the Lsat values, with a 
better accurary than those given by more simple approaches.  

VIII. CONCLUSION 

This document describes the determination of the 
saturated inductance of a shell-type transformer, in order to 
improve the value given by the manufacturer.  

This parameter, which has a strong impact on the 
overvoltages when energizing a transformer,  has been 
determined from analytic formulae for shell-type 
transformers.  

A comparison with the values derived from an 
electromagnetic 3D calculation is also given in this paper. 
Applied to a shell-type 96 MVA transformer, both 
approaches have shown a good agreement. A simulation in 
EMTP with the value of Lsat analytically calculated has 
shown a good agreement between the simulated and 
measured currents. 
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