. <. Tanaka, A Sum-of-Squares Framework for Fuzzy Systems Modeling and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications (UEC) , , Jap
IEEE WCCI 2016 Tutorial (FUZZ-4), Vancouver, July 24, 2016

A Sum-of-Squares Framework

for Fuzzy Systems Modeling and Control
- Beyond Linear Matrix Inequalities -

Kazuo Tanaka,
IEEE Fellow, IFSA Fellow
Professor
Department of Mechanical and Intelligent Systems Engineering
The University of Electro-Communications (UEC) , Tokyo, Japan

https://sites.google.com/site/tanaka2lab/home

Google Scholar
https.//scholar.google.com/citations?user=RxHaAJWAAAAJ&hI=en
ResearchGate
https.//www.researchgate.net/profile/Kazuo_Tanaka3

K. Tanaka, A Sum-of-Squares Framework for Fuzzy S


https://sites.google.com/site/tanaka2lab/home
https://scholar.google.com/citations?user=RxHaAJwAAAAJ&hl=en
https://www.researchgate.net/profile/Kazuo_Tanaka3

A Sum-of-Squares Framework

for Fuzzy Systems Modeling and Control
- Beyond Linear Matrix Inequalities -

The main research covered in this tutorial has been conducted in our laboratory at the
University of Electro-Communications (UEC), Tokyo, Japan, in collaboration with Prof. Hua
O. Wang and his laboratory at Boston University, Boston, USA. Throughout the tutorial, it will
be reflected upon how to bridge enabling fuzzy model-based control frameworks with system-
theoretical approaches in the development of toolkits for control of nonlinear systems.
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From a nonlinear control theory point of view

Recommended prior knowledge in this tutorial
- Modern control theory
- Lyapunov stability theory
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Tutorial Overview

& Introductions

& Part |
Outline of Takagi-Sugeno (T-S) Fuzzy Model-based Control

& Part |1
T-S Fuzzy Model-based Control using Linear Matrix
Inequalities (LMIs)

& Partlill
Theoretical Advances in T-S Fuzzy Model-based Control
using LMIs

& Part IV
Beyond LMIs: Polynomial Fuzzy Systems Control and
Analysis using Sum-of- Squares (SOS)

&€ Conclusions

K. Tanaka, A Sum-of-Squares Framework for Fuzzy Systems Modeling



<. Tanaka, A Sum-of-Squares Framework for Fuzzy Systems Modeling :Beyond Linear Matrix Inequalities, The University of Electro-Communications

Tutorial Overview

€ Introductions
s History of fuzzy control
¢ Recent research direction in fuzzy control

Tutoriales  Matrices and Vectors in this tutorial

It is assumed in this tutorial that all the matrices
and vectors have appropriate dimensions.

P>0 (P = 0)means that P is a positive-
definite matrix (positive semidefinite matrix).

ing and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications
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History of Fuzzy Control
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P8 Ficey

1965 L. A. Zadeh

A gadeh Fuzzy Control
1968 L.A. Zadeh Fuzzy Control
Fuzzy Algorithms | -

Application of Fuzzy Algorithms for Steam Engine Control
982 L. P.Holmblad and J. J. Ostergaard
Control of a Cement Kiln by Fuzzy Logic

\11974 E. H. Mamdani

1985 T. Takagi and Sugeno Fuzzy Model-based Control
Takagi-Sugeno Fuzzy model ™A=

1989 K. Tanaka and M. Sugeno
Stability Analysis using Lyapunov Stability Theor

1994 H. O. Wang, K. Tanaka and M. Griffin
Design and Analysis via Linear Matrix Inequality (LMI)

|

Design and Analysis via LMIs
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Recent Research Direction
In Fuzzy Control

Design and Analysis via LMIs

!

From Simple Lyapunov Function
to Generalized Lyapunov Functions

From Takagi-Sugeno Fuzzy Model
to Polynomial Fuzzy Model

From Linear Matrix Inequality

to Sum of Squares (SOS)  JSORR LR ABEN ]y

2009

K. Tanaka, H. Yoshida, H. Ohtake and H. O. Wang, @$
Design and Analysis via SOS ‘\6‘)

K. Tanaka, A Sum-of-Squal

res Framework for Fuzzy Systems Modeling
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The history of fuzzy-model based control is
the history of matching to nonlinearities.

Nonlinearity Castle - This road to nonlinearity castle (nonlinear systems control)
(Nonlinear Systems =1 is generally hard due to the difficulties

: - to understand nonlinear control theory
- to use it for real complex systems

Fuzzy model is a good match
to nonlinearities.

When nonlinearities met fuzzy model,
nonlinearities became easier to
contend with. 8
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Tutorial Overview

& Part |
Outline of Takagi-Sugeno (T-S) Fuzzy Model-based Control
**Why do we use T-S Fuzzy Model-based Control?
s*What is T-S Fuzzy Model-based Control?
*»How can we realize T-S Fuzzy Model-based Control?

ing and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications (UEC) ,
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Why Do We Use?

Other nonlinear control techniques require special

Nonlinearity Castle (Nonlinear Systems Controlu

and rather involved knowledge, e.g., ~

i

R. Sepulcher, M. Jankovic, and P. Kokotovic,
Constructive Nonlinear Control, New York: Springer-Verlag, 1997. 8

T-S Fuzzy Model-based Control )
Simple, Natural and Effective Nonlinear Cop‘trci

Fuzzy logic Is a good match to nonlinearities.
When nonlinearities met fuzzy logic,
nonlinearities became easier to contend with.

K. Tanaka,
Recent Advances in Fuzzy Modeling and Control: When Nonlinearities Met Fuzzy Logic,

WCCI 2014 InV|ted Lecture, Beijing, July 8, 2014




Fuzzy Model-based Control )
Simple, Natural and Effective Nonlinear Control

Model

X(t) = T(x(),u(t Construction

Analysis
& Design

Natural &
Effective

K. Tanaka and M. Sugeno,
Stability Analysis and Design of Fuzzy Control Systems,
Fuzzy Sets and Systems, Vol.45, pp.135 - 156 (1992). 11
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"
How Can We Realize?

Fuzzy Model Construction (1/4)

Linear model

X(t) = T(x(), u(t)

If the nonlinearity is strong,
the linear control approach does not work well.

K. Tanaka, A Sum-of-Sg ing and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications (UEC) , Tokyo, Japan
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ow Can We Realize?

Fuzzy Model Construction (2/4)

] o T. Takagi and M. Sugeno, “Fuzzy Identification
Local linearization of Systems and Its Applications to Modeling and
( ax+b  (d;<x<d,) Control”, IEEE Trans. on SMC 15, no. 1,
pp.116-132, 1985.

a,x+b, (d, <x<0)
a;x+b;  (0<x<d,) f(x)

A x+b,  (d3<x<dy)

Static model ‘

4
y =D h({ax+b}
=1

f(x) =+

Dynamic model . Constant terms

« Approximation

4
X(t) = >l ZO)AX(®)+Bju(t) +D;)
i=1 _

ing and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications (UEC) ,
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How Can We Realize?

Fuzzy Model Construction (3/4)

Sector al)(, a2 X

S 2

Fuzzy model

X =f(X) =Zzlhi (X)a x

m, (X)
m, (X) +m, (X)

hy(x) =

hz (X) =

m, (x)

m, (X) +m, (x)

hi(x)zo,ihi(x):l

Dynamic model

2
X(1) = Dy O)AXO) +Bju(t)
i=1

ing and Control:Beyond Linear Matrix Inequalities, The Universit

K. Tanaka and H. O. Wang,

Fuzzy Control System Design and Analysis:
A Linear Matrix Inequality Approach,
John Wiley & Sons (2001).

f(x) 4

Sector nonlinearity concept

of Electro-Communications (UEC) ,
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-@ How Can We Realize?

Fuzzy Model Construction (4/4)

Consider the following nonlinear model

ax()

J&x(@®)

Global Sector

Jx(®)

LA

Semi-Global Sector

—d < x(t) <d

15

ing and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications (UEC) ,
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How Can We Realize?

Fuzzy Model Construction Example
Powered Paraglider

Canopy GRS

* GVro sensor
(Parachute) y .
= Acceleration sensor

= Magnetic sensor

—  Camera

16

K. Tanaka, A Sum-of-Squares Framework for Fuzzy Systems Modeling and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications (UEC) , Tokyo, Japan
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-
How Can We Realize?

Fuzzy Model Construction Example x O

Kinematic Model of Powered Paraglider Current

: : : _ Waypoint
Consider a kinematic model at the steady-state flight.

X(t) =V cosg(t)
y(t) =V sin ¢(t)
¢(t) =ku(t) u(t) :Control bar angle (b(t)

k :Constant
Constant Speed Vﬁ

i L
i
!
'
'
'
!
i
1
i
'
'

Control Purpose

North

L> East

Previous
Waypoint

mg(t)=0

i
—>0 17

limy(t) =0, |

K. Tanaka, A Sum-of-Sq ing : gualities, i ity of Electro-Communications
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"
How Can We Realize?

Fuzzy Model Construction Example

Kinematic Model of Powered Paraglider

Consider a kinematic model at the steady-state flight.

X(t) =V cos ¢(t) -179 |deg.] 179 [deg.]

y(t)=Vsin4(t) | 1 [yo=a¢0)] |[a =1
i) =kutt) 0 —---—" ’
jo=kuy S0
sin g(t) = h, (A(t))a,p(t) + h, (G()a,6(t)
h,(4(t)) +h, (4(1)) =1 : t
0<h(gt) <1 i=1 2 \ ) - o)
sin g(t) — a,4(t) |yt =ae)
h(4() = : (1797/180)
(3, ~2,)¢(t) - MG
_sing(t) - ag(t)
L=, )

K. Tanaka, A Sum-of-Squares Framework for Fuz ing and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications (UEC) ,
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ow Can We Realize?

Fuzzy Model Construction Example

Kinematic Model of Powered Paraglider

Consider a kinematic model at the steady-state flight.

X(t) =V cos ¢(t)

y(t) =V sin 4(t) y(t)]_[Vsing(®)]_[h(pONag() +h (HE)Vag()
P j> o] | ku(t) kut)

#(t) = ku(t)
[ h (O, +h, ((0)V, }{y(t)} { } 0
sin g(t) = h, ($(O)a, g0} h, ((O)ag(0) 0 0 40
GO+ (p(0) =1 XU [ BT
0<h(@M)<l i=1 2 -
‘ 2
610  SNP0 =200 X(0)= > h ZO)AXD) +Biu(t)
- (@-a,)60) ; v ;
o i
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LEC How Can We Realize?

X(t) = T(x(), u(t)

K(D) = YN 2ORAXO +BU()}

u(t) = - h O

20

K. Tanaka, A Sum-of-Squares Framework for Fuzzy Systems Modeling and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications (UEC) , Tokyo, Japan
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ow Can We Realize?

_ Parallel Distributed
, Compensation (PDC)
()= Y hEORAXO +Bub) gy

PoC] u(t) = -Yh ) Fx(®

K. Tanaka and M. Sugeno,
Stability Analysis and Design of Fuzzy Control Systems,
Fuzzy Sets and Systems, Vol.45, pp.135 - 156 (1992). 21

K. Tanaka, A Sum-of-Squares Framework for Fuzzy Systems Modeling
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H n Realize?
ow Can We Realize”

Parallel Distributed Compensation (PDC)
Fuzzy model: () = Y hi(z(t){A;z(t) + Byu(t)}

=1

[Rule i IF z(r) is M, ...and z () is Mm]

Then x(t) = Aj,.x(t) + Br.u(t)

PDC controller: () = — »_ hi(z())F;z(t)
shares the same membersF\Tpl function

[Rule i: IF z(t) is M, ...and z(f) is Mm]

Then u(t)=—F x(t)

K. Tanaka, A Sum-of-Squares Framework for Fuzzy Systems Modeling and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications
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f ow Can We Realize?

Controller Design using LM
B(t) = 3 3 hi(2(0)h;(2(){A; — B{F J}a(t)
i=1 =1

Design the local feedback gains such that
the closed-loop system is globally asymptotically stable

Analysis

K(0) = 30 ZOHAXD + Bu(n) & Design

Inequality (LMI) r
[LMI] u(t) = —Z h.(z(t))EXx(t)

H. O. Wang, K. Tanaka and M. F. Griffin,
An Approach to Fuzzy Control of Nonlinear Systems,

IEEE Transactions on Fuzzy Systems, Vol.4, No.1, pp.14-23 (1996).

K. Tanaka, A Sum-of-Squares Framework for Fuzzy S
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Tutorial Overview

& Part 1l

T-S Fuzzy Model-based Control using Linear Matrix
Inequalities (LMIs)

s Local linear system stability does not imply the global

stability of T-S fuzzy systems

s Lyapunov stability theory

*What are LMIs?

¢ Three important theorems

¢ Basic stabilization condition

ing and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications (UEC) ,
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L | stability d ti |
lobal stabilit

Consider the following (discrete) fuzzy system

(=S HEOAX)  x0- {Xﬁ)}

X, ()

h ()20 YhE®) =1 20=x0 : -
i=1

Al{l —0.5} Az{—l —o.5}

10 10

All the A, are stable matrices

0 l Y x2(t)

A natural question is that this fuzzy system is stable?

K. Tanaka and M. Sugeno,
Stability Analysis and Design of Fuzzy Control Systems,
Fuzzy Sets and Systems, Vol.45, pp.135 - 156 (1992). 25

K. Tanaka, A Sum-of-Squares Framework for Fuzzy Systems Modeling and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications (UEC) ,



Local stability does not imply
global stability

Response for x(0)=[0.90 —0.70]

K. Tanaka and M. Sugeno,

Stability Analysis and Design of Fuzzy Control Systems,
Fuzzy Sets and Systems, Vol .45, pp.135 - 156 (1992).
K. Tanaka, A Sum-of-Sg

g and Control:Beyond Linear Matrix Inequalities, The Universit

of Electro-Communications (UEC) , To



Aleksandr Mikhailovich Lyapunov
1857 - 1918

x=f(x), xeR" f isanonlinear function

Check the stability of dynamic system without solving
the given differential equations

Globally Asymptotically Stable
() V(0O)=0and V() >0, Vz#0

(i) ||z]] = 00 = V(z) — o0

Gii) V(z) < 0, Vz #0

H. K. Khalil, Nonlinear Systems, 2nd ed., Englewood Cliffs, NJ: Prentice Hall, 1996. o

K. Tanaka, A Sum-of-Squares Framework for Fuzzy Systems Modeling and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications
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h p
What are LMISs".

A linear matrix inequality (LMI) is any constraint of the form
A(X) =A,+xA + ... TapnAn<0
where
® x=(xq,...,xy) isSavector of unknown scalar
(the decision or optimization variable)

® A, ...,Ay aregiven matrices

® “ 07 stands for “positive definite”

® “ <07 stands for “negative definite”

A(X)>~0 mmp —A(x) <0
A(X) < B(x) mmp A(x)—B(x) <0

ing and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications (UEC) ,



'(. Tanaka, A Sum-of-Squares Framework for Fuzzy Systems Modeling and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications (UEC) ,
‘
What are LMISs”

o If a matrix inequality is an LMI, then every term of the
matrix inequality has only one LMI variable (the decision
variable which should be obtained by an LMI solver).

o For example, A and B are known matrices, and X and M
are LMI variables

XAT+AX-M'BT-BM <0 = (LMI)
X EAT_I\_/ITBT

AX —BM X

}o = (LMI)

However, the following matrix inequality is NOT an LMI
(with respect to P and F).

Ll e e e e |

A'P+PA—PBF -F'B'P<0 = (BMI)

| e
BMI: Bilinear Matrix Inequality

K. Tanaka, A Sum-of-Squares Framework for Fuzzy S
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Three Important Theorems

- S-procedure
- Finsler’s Lemma

- Schur Complement I\N‘Quﬁ“\(«'

K. Tanaka, A Sum-of-Squares Framework for Fuz stems Modeling and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications (UEC



Schur Complement

The following conditions are equivalent.

o o
1 =] * “*|=0
_@12 @22_

(2) O, - 0 and 0,, - @;201_11@12 >0

3 ©,,-0 and 0,-6,60,0/, -0

K. Tanaka, A Sum-of-Squares Framework for Fuzzy Systems Modeling and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications
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Three Important Theorems

S-procedure
CT'Ty¢ > 0 for all ¢ # 0 such that ¢(T'T;¢ >0, i=1,....p. (1)

It 1s obvious that if

p
there exists 7; > 0,...,7, = 0 such that 1y — Z 7id; = 0
i=1

then (1) holds.

um-of-Squares Framework for Fuzzy Systems Modeling atrix Inequalities, The University of Electro-Communications
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Three Important Theorems

Finsler’s Lemma

Lemma [Finsler]: Let x € R", Q € S" and B € R"*" such that
rank (B) < n. The following statements are equivalent:

) +1Qxr <0, forall Bx =0, x#0.
i) 3peR:Q—uB!B<0.

i) IX e R Q+ XB+ B AT <0.

guares Framework for Fuzzy Systems Modeling atrix Inequalities, The University of Electro-Communications
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Basic Stabilization Condition

B(t) = 3 3 hi(2(0)h;(2(){A; — B{F J}a(t)

i=145=1

Design the local feedback gains such that
the closed-loop system is globally asymptotically stable

Analysis

K(0) = 30 ZOHAXD + Bu(n) & Design

Inequality (LMI) r
[LMI] u(t) = —Z h.(z(t))EXx(t)

H. O. Wang, K. Tanaka and M. F. Griffin,
An Approach to Fuzzy Control of Nonlinear Systems,

IEEE Transactions on Fuzzy Systems, Vol.4, No.1, pp.14-23 (1996).

K. Tanaka, A Sum-of-Squares Framework for Fuzzy S




i) =Y 2 hi(=(1))h;(2(){A; — B{F J}a(t)

1=17=

Quadratic Lyapunov Function  V (x(t)) = X" (t}PX(t)
- -T‘—l—T? 1y ‘PZX_l}O‘
V(x(t)=x (t) X x(t)+ x" ()X x(t)

= Zr:i h (z(t))h; (z(t)x" ())G;x(t)

i=1 j=1

BMI

Non-convex ZZh (z(t)h; (Z(’[))GIJ <0

_1 J _1 35
g s Framew or Fuzzy Sys ing and Control:Beyo ar Matrix Inequalities, The University of Electro-Communications (UEC) , Tokyo, Japan




e

Multiplying the inequality on the left and right by X

—
Convex Zzh p <0 Q; =XG; X
=1 j=1
Qi :A@T —Bi[l\/li]—@\/liTJBiT M. = F. X
-
L MI Stabilization Qi <0 F - M X"

Condition Qij +jS <0

36
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-@ Basic Stabilizati Conditli

Stable Controller Design Example

Kinematic Model of Powered Paraglider Current
y(t) =V sin ¢(t) Waypoint
#(t) = ku(t) u(t) :Control bar angle North

T-S Fuzzy Model @(5 L Cact

i
1
'

y(t) | & 0 Va |y()| |0
{ﬂt)};h‘w»{o 0 L(t)Hk}”“)}

Constant Speed V

i L
'
!
'
'
'
!

i
i
!
!
'

P

Previous
Waypoint

T-S Fuzzy Controller

2 (t) y ' Control Purpose
y :
u(t) =->_h(4()) «—:i— Determined by : BPRT _
; ¢(t) solving the LMIs | !I_To y(t) =0, !m ¢(t32 0

K. Tanaka, A Sum-of-Sq ing : gualities, i ity of Electro-Communications (UEC) , Tokyo, Japan
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=) Powered Paraglider (PPG)

-

Direction
Control Bar

K. Tanaka, A Sum-of-Squares Framework for Fuzzy Systems Modeling and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications (UEC) , Tokyo, Japan



: ~. Tanaka, A Sum-of-Squares Framework for Fuzzy Systems Modeling and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications (UEC) , Tokyo, Japan
-@ Basic Stabilizati Conditi

Flight Experiments
JAXA(Japan Aerospace Exploration Agency)

%A Japan Aerospace Exploration Agency :j}Japanese ﬁ_'l.y SiteMap | Custom Search | Search |

HOME ‘ ABOUT JAXA MISSIONS COLLABORATION’ PR/EDUCATION ‘ ARCHIVES

TOP = ABOUT JAXA = Field Centers = Taiki Aerospace Resaarch Field

ABOUT JAXA

r JAXAZ0251AXA Vision — Taiki Aerospace Research Field

» Message from
President of JAXA

» Board of Directors
Organization

TS ,,,,,,] Apart from when the case

Overview

»

» HQ/Chofu Aerospace warning area is set at the time
Center of an experiment, the research
» Tokyo Office/Ote- field can be visited at the Taiki
machi Branch Multi-Purpose Aerospace Park
» Tsukuba Space at any time.
Center

More information

» Sagamihara Campus

> C:rr\fegrashima Space Pamphlet

» Uchinoura Space > ’l.'ai:d Aerospace Research Field
Center [in Japanese]

» Earth Observation (dg)2. 16MB)
Center

Reference

__|» Aerospace Research and

ity of Electro-Communications (UEC) , Tokyo, Japan

» Kakuda Space Center
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JAXA Taiki Aerospace Research Field

K. Tanaka, A Sum-of-Squares Framework for Fuzzy Systems Modeling and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications (UEC) , Tokyo, Japan
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JAXA Taiki Aerospace Research Field

UAV Research Team in a Day at JAXA Taiki
- Aerospace Research Field, Hokkaido, Japan

n M
il

11:45 AM

2:00 PM

Tanaka Lab, Development of
Mechanical Engineering and Intelligent Systems,
The University of Electro-Communications

K. Tanaka, A Sum-of-Squares Framework for Fuzzy Systems Modeling and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications (UEC) , Tokyo, Japan
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Basic Stabilization Condition

_ ] Automatic Landing
Flight Experiments

Stable control including
automatic landing is
realized via the LMI-
0 o e s based fuzzy controller

. Time[sec.|
Altitude Control

M Tanaka, H Kawai, K Tanaka, HO Wang, Development of an autonomous flying robot and its verificatio
via flight control experiment, IEEE Int. Conf. on Robotics and Automation (ICRA), pp.4439-4444 2013

K. Tanaka, A Sum-of-Squares Framework for Fuzzy Systems Modeling and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications (UEC) , Tokyo, Japan
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-% Basic Stabilizati Conditi

Flight Experiments (Video)

Stable waypoint following control and altitude control + automatic landing!

https://www.youtube.com/watch?v=t5agDDQ7IQM

K. Tanaka, A Sum-of-Sg ing and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications (UEC) , Tokyo, Jap
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Tutorial Overview

& Part 11

Theoretical Advances in T-S Fuzzy Model-based Control
using LMIs

+»Double Summation Relaxation

*»Generalized Lyapunov Function Approaches
*»Other Relaxations

K. Tanaka, A Sum-of-Sg

ing and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications
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UEC | Double Fuzzy Summation Relaxation

Basic Stabilization Condition

Multiplying the inequality on the left and right by X

——
Convex| Zzh py <0
i=1 j=1
0, = AKX} xi! BI@B
—
in = O
LMI Stabilization
Condition Q,+0, =

Ll Double Fuzzy Summation ‘

Double is a great value?

A number of studies on double fuzzy summation relaxation
have been reported in stability and stabilization of fuzzy control
systems. Those will be introduced in the tutorial.

K. Tanaka, A Sum-of-Sg

ing and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications (UEC) , Tokyo, Japan
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-% eneralized Lyapunov Function

Simple Quadratic
Lyapunov Function

‘V (X(t)) =x" (t)Px(t) ‘ LF:Lyapunov Function
-

Fuzzy LF , Multiple LF, Weighting dependent LF
V(x(t)= > _h (z()x" ()P x(t)
i=1

Piecewise LF, Switched LF

V(x(t))=max v (x(t);,  Vi(x(t))=x"(t)Px(t)

1<i<N

Polynomial LF
V(x(t))=x" )P (x()x(t)

K. Tanaka, A Sum-of-Squares Framework for Fuzzy Systems Modeling and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications
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Generalized Lyapunov Function

Fuzzy Lyapunov Function
Fuzzy System

2
X(t) = ) h@®)AX()
=1

_5 _4 _2 _4 ) ulz u.‘4 ula ula tirile 1I2 1.‘4 llﬁ 1I8 2
A = A, =
-l =2 20 -2

h,(2(t)) = l+si2 X, (t) h (2(1)) = 1—si2 X, (1)

-0.02 1 | 1 | 1 | 1 1
0 0.2 0.4 0.6 0.8 1 12 1.4 1.6 18 2
time

Quadratic Lyapunov Function Time responses.

V(x(1) =x" ()P(t)

K. Tanaka, T. Hori and H. O. Wang, " A Multiple Lyapunov Function Approach to Stabilization of Fuzzy
Control Systems", IEEE Transactions on Fuzzy Systems, Vol.11, No.4, pp.582-589, August 2003.

K. Tanaka, A Sum-of-Sg ing and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications (UEC) ,



<. Tanaka, A Sum-of-Squares Framework for Fuzzy Systems Modeling and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications (UEC) ,

Generalized Lyapunov Function

Fuzzy Lyapunov Function

Fuzzy System 2 5 -4 22 -4
X(t) = Zhi (z(t))A;x(t) A :{ -1 -2} A :{ 20 -2}
i=1 h(2(1)) = 1+sir; X, (t) h (2(t)) = 1—5|r21x1(t)

Fuzzy Lyapunov Function

V(x(1)) =Z h; (z(D)V; (X(1))

2 (t)
=> i (z(®)x" (Px(1) (t
=1

[8695 -2980]_
1{-29.80 125.61}> |

[ 647.98  -46.83 §
2| -46.83 118.24



S Generalized Lyapunov Function

Simple Quadratic
Lyapunov Function

‘V (X(t)) =x" (t)Px(t) ‘ LF:Lyapunov Function
-

Fuzzy LF, Multiple LF, Weighting dependent LF
V(x(t)= > _h (z()x" ()P x(t)
i=1

Piecewise LF, Switched LF

V(x(t))=max v (x(t);,  Vi(x(t))=x"(t)Px(t)

1<i<N

Polynomial LF
V(x(t))= x" ())P(x()x(t)
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Generalized Lyapunov Function

Piecewise Lyapunov Function

Consider the system

.Ci?l = X9
Ty = —2T1 — T2 — g I1 lg € [0, k]|

Compare the maximum k guaranteeing stability conditions

=

—

Fuzzy model D’

2
z(t) = Y hi(z2(t){Ax(t) + Byu(t)}
i=1

0 1 0 1 0
Al:[—z —1]’A2:[—2—k —1]’31232:[0]

me@) =720 ey =220 L) =g

ing and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications
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Generalized Lyapunov Function

Piecewise Lyapunov Function

Consider the system

T1 = T2
To = =211 — 22 —gm] [g€ [0, K]

Compare the maximum k guaranteeing stability conditions

Quadratic Lyapunov Function ¢ .. — 3.82
V(x(®) =x" (t)Px(t)

Piecewise Lyapunov Function [1] Amax = 4.7
V (x(t)) = max{x" (t)Px(t), x" (t)P,x(t)}

[1]L. Xie, S. Shishkin and M. Fu, “Piecewise Lyapunov Functions for Robust Stability of
Linear Time-Varying Systems”, Systems & Control Letters 31 pp.165-171, 1997.

ing and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications



=== Generalized Lyapunov Function

Simple Quadratic
Lyapunov Function

V (X(’[)) —x' (’[) P)((t) ‘ LF:Lyapunov Function
-

Fuzzy LF, Multiple LF, Weighting dependent LF
V(x(t)= > _h (z()x" ()P x(t)
i=1

Piecewise LF, Switched LF

V(x(t))=max v (x(t);,  Vi(x(t))=x"(t)Px(t)

1<i<N

Polynomial LF
V(x(t))= x" ())P(x()x(t)
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Generalized Lyapunov Function

Polynomial Lyapunov Function
Consider the system

.Ci?l = X9
Ty = —2x1 —x2 —gx1| [g € [0, k]|

Compare the maximum k guaranteeing stability conditions

Quadratic Lyapunov Function .. — 3.82
V(x(t) =x" (©)Px(t)

Piecewise Lyapunov Function [1] Amax = 4.7
V (x(1)) = max{x" (t)Px(t), x" (t)P,x(t)}

[1]L. Xie, S. Shishkin and M. Fu, “Piecewise Lyapunov Functions for Robust Stability of
Linear Time-Varying Systems”, Systems & Control Letters 31 pp.165-171, 1997.

Polynomial Lyapunov Function [2] Kmax =77

[2] K. Tanaka, H. Yoshida, H. Ohtake and H. O. Wang, A Sum of Squares Approach to
Modeling and Control of Nonlinear Dynamical Systems with Polynomial Fuzzy Systems",
IEEE Transactions on Fuzzy Systems, Vol.17, No.4, pp.911-922, August 2009. >

ing and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications (UEC) , Tokyo, Japan
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Generalized Lyapunov Function

75 Polynomial Lyapunov Function

T T
—%— Polynomial Lyapunov functions / J/ \l/
Common Lyapunov function
77| =Piecewise Lyapunov functiop/ 7
6.04
6.39

6.21

b
wn
T

4.7 Piecewise Lyapunov Function

3.82  Quadratic Lyapunov Function

3 | | |
2 4 6 8 10

Order of polynomial Lyapunov function 56

K. Tanaka, A Sum-of-Squares Framework for Fuzzy Systems Modeling :Beyond Linear Matrix Inequalities, i ity of Electro-Communications (UEC) , Tokyo, Japan



Generalized Lyapunov Function

Polynomial Lyapunov Function

Second order polynomial (quartaic) Lyapunov function

V(x) = 27.42% + 6.97x120 + 7.0223

Fourth order polynomial Lyapunov function
V(x) = 271.0z7 + 83.5z7x5 + 157.02%25
+38.7z123 + 12.625

Sixth order polynomial Lyapunov function
V(x) = 2330.02% 4 713.0z325 4+ 1920.02723
+889.0z323 + 553.0x5¢% + 108.0z123
+23.128

<. Tanaka, A Sum-of-Squares Framework for Fuzzy Systems Modeling and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications (UEC) ,
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Generalized Lyapunov Function

Polynomial Lyapunov Function

Eighth order polynomial Lyapunov function

V(x) = 3990.02% + 1580.02 x5 + 4680.0z%23
+2560.0z323 + 1850.0z72% + 675.02323
+284.0z5aS + 49.22128 + 7.4428

Tenth order polynomial Lyapunov function

V(x) = 28100.021% + 10200.027z5
+40100.02523 + 29100.02{ 23
+24900.02%23 + 10400.02323
+5630.0z728 4+ 1990.0z325
+609.02748 + 89.0z123 + 10.423°
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DEC | Generallzed Lyapunov Functlon

More relaxed stability results by other generalized
Lyapunov functions will be presented in the tutorial.

ork for Fuzzy Systems Modeling ontrol:Beyond Linear Matrix Inequalities, The University of Electro-Communications



'. Tanaka, A Sum-of-Squares Framework for Fuzzy Systems Modeling and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications (UEC) , Tokyo, Japan
G I - d L I t-

Polynomial LF is
most powerful!

]

BETTER WAY

SOS Approach

*
Beyond LMIs

60

K. Tanaka, A Sum-of-Squares Framework for Fuzzy Systems Modeling and Control:Beyond Linear Matrix Inequalities, of Electro-communications (UEC) , Tokyo, Japan |
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Other Relaxations

Other relaxations will be introduced in the tutorial.

comMY
5004

61

K. Tanaka, A Sum-of-Squares Framework for Fuzzy Systems Modeling and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications (UEC) , Tokyo, Japan
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Tutorial Overview

& Part 1V

Beyond LMIs: Polynomial Fuzzy Systems Control and
Analysis using Sum-of- Squares (SOS)

*What is Sum of Squares (SOS)

*What is polynomial fuzzy systems (PFS) control
»T-S fuzzy model VS Polynomial fuzzy model
*»+SOS-based Design

“»Design Example

**Micro Helicopter Control Example

**Recent Topics
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What 1s SOS?

K. Tanaka, A Sum-of-Squares Framework for Fuzzy Systems Modeling and Control:Beyond Linear Matrix Ine
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‘g EI;Q -
- What 1s SOS?

A multivariate polynomial p(x1,...,zn) IS
a sum of squares (SOS) If there exist polynomials
fi(x), ..., fm(x) such that

p(x) = > f7(x)
1=1

eg.  plx) = (21 +22)° + (2120 — 25)?

Positive
definite
polynomial

Clearly, p(x) isan SOS = p(x) >0
p(x) — e(x) isan SOS, where e(x) >0 at ¢ # 0

K. Tanaka, A Sum-of-Squares Framework for Fuzzy Systems Modeling an
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What 1s SOS?

SOS < Polynomial < Polynomial-related

New Definition

exponents: 0,12,...
N T~
5xy? - 3x + 5y3 - 3

terms

A Polynomial

Fraction .3 , 2, .41

SRy Z+x+1

- Polynomial denominator (PD)
- Polynomial numerator (PN)

2 - But not polynomial in general
X +& - Polynomial only if the PD is
zero order

Not Polynomials

¥

Polynomial

SOS ]

K. Tanaka, A Sum-of-Sg

¥ ¥

Polynomial-related
Keep in mind that

inverse of polynomials
are NOT polynomials.

ing and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications (UEC) , Tokyo, Japan
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I
What 1s SOS?

LMI < Convex SOS c SOS

Convex SOS with zero order == | MlI

Convex SOS ~
Find P(x)such that Find  such that
! P(x)x is SOS I Pz >0
- Y,

P(z) :polynomial matrix in x
For example,

P(z) = | % T a121 + axr2 bo + biwy + boxo
bo +biz1 +boxo cg + c1z1 + 222

Reduction of order l
P@ =30 | mmp P

K. Tanaka, A Sum-of-Sg ing and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications (UEC) , Tokyo, Japan



e What is SOS?
Properties of SOS
A polynomial M(x) is an SOS =—»> M(x)>0

2 [
How about the converse? R\[eL Polynomial

SOS }

M (X, X,) = X X5 +Xo X, —3x X5 +1

M (%, X, )=

'However, M(x,X,) is notan SOS

I

o
{ t.'

‘.
|
M’

K. Tanaka, A Sum-of-Squares Framework for Fuzzy Systems Modeling and Control:Be i i ities, i ity of Electro-Communications (UEC) , Tokyo, Japan
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Properties of SOS

x" (t)F (x(t))x(t)is an SOS, where x(t)< R"
‘ Is it satisfied that F'(x(7)) = O forall x(t) ?
X, X, { XXH }—xf+2xfx22+x§isanSOS

However { Is not PSD for all x

independent of x(t)

Hence, to show F(x(t)) > 0 for all (), we need

vT(t)F(a:(t))v(t) is an SOS| where v(t) € RY
‘ It is clear that F'(x(t)) > O for all x(t)

K. Tanaka, A Sum-of-Squares Framework for Fuzzy Systems Modeling and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications
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What is PFS Control?

69

K. Tanaka, A Sum-of-Squares Framework for Fuzzy Systems Modeling and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications (UEC) , Tokyo, Japan
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What is PFS Control?

Polynomial + fuzzy approach is most powerful.

_ Polynomial-related Lyapunov Function
0= TGO Sy V(x(t)) = X" QP (XO)R(t)

>'<(t):Zhi(z(t)){A(x(t))lgg4Bi(x(t))l1(t)}\ - féz

Polynomial

K. Tanaka, H. Yoshida, H. Ohtake and H. O. Wang, u(t) = —Z h. (Z(t)1 F (x(t))K(t)
=1

A Sum of Squares Approach to Modeling and Control
of Nonlinear Dynamical Systems with Polynomial Fuzzy Systems,
IEEE Transactions on Fuzzy Systems, Vol.17, No.4, pp.911-922, August 2009.

70
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-
[-S Fuzzy Model vs Polynor nial Fuzzy Model

Takagi-Sugeno Fuzzy Model Polynomial Fuzzy Model

ax(t) ayx(t)

Jfev)

ax(t)

x®)

Linear Sector - Nonlinear Sector
Linear Matrix Inequality (LMI) - Sum of Squares (SOS)

A. Sala and C. Arino
Polynomial Fuzzy Models for Nonlinear Control:A Taylor Series Approach
IEEE TRANSACTIONS ON FUZZY SYSTEMS, VOL. 17, NO. 6, pp.1284-1295, 2009 "

K. Tanaka, A Sum-of-Sg ing and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications
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SOS- based DeS|gn

X(0) = XY h (2O, EONAXD) - B (xO)F, (O

i=1 j=1

Design the local feedback gains such that
the closed-loop system is (globally asymptotically) stable

: (SOS)
() = Y (2O4A (R B} gy

Polynomial

r
K. Tanaka, H. Yoshida, H. Ohtake and H. O. Wang, u(t) = —Z h. (Z('[)1 F (X(t))k (t)
A Sum of Squares Approach to Modeling and Control i—1
of Nonlinear Dynamical Systems with Polynomial Fuzzy Systems, .

IEEE Transactions on Fuzzy Systems, Vol.17, No.4, p p.911-922, August 2009.

qualities, The University of Electro-Communications

K. Tanaka, A Sum-of-Squares Framework for Fuzzy Systems Modeling and Control:Beyond Linear Matrix Ine



“. Tanaka, A Sum-of-Square ork for Fuzzy Systems Modeling and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications

SOS based DeS|gn

X() = Y h 2O, COXA (XO) - B(XO)F, (OB

i=1 j=1

Polynomial-related AT ST\
Lyapunov Function V(X)) = X (t)[P(X(t))]X(t)

| = [P
V(x() =% )X XEO)RM)+ R OX KO |_ X L(X(t)) > 0

o OX ™" oo o
[ (t)[Zi, 0 (X(O)%, (0]X<t> Mx (HP(XE)X() |

X, (t)=ihi(z<t»Ak<x<t»k(t>

_ROX (R (t»——ax_ (%(1)

k(t) k(t)
T(x(t»=[T”(x(t»], T"'(x)=%(x>

X" (X(t))

ork for Fuzzy Systems Modeling and Control:Beyond Linear Matrix Inequalities, The Uni
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"
SOS-based Design

e

V(x(t) = ZZ h (2(O)h; (ZE)KT (B)S; (xD)X(1)

i=1 j=1

S (X (1)) = (A (X(1) - B, (X () F; (x(1))" T (x(1) X~ (X(1))
+T (X)X (X)) (A (X(1)) - B; (X(1)F; (x(1)))

{ +2 6X(t) (XW)A (X X() }

e
Non-convex ZZ h (z(t)h; (z(1))S;; (x(t)) <0

i=1 j=1

74




SOS based DeS|gn
’7

Multiplying the inequality on the left and right by X(X(t))

‘—7

ZZh 2(t))L; (x(1) <0

=l j=1

Convex | Ly (x(1) = X (X(1))S; (x(1)) X (X(1))

L. (x(t)) <0
L (x(t)) + L (x(t)) <0

OI’

—L; (x(t)) =0
—(Li,-(x(t»+ L,-i<x(t») -~ 0 )

s Framework for Fuzzy Systems Modeling and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications
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SOS-based Design

—L; (x(t)) >0
(L, (x(®) + L (x(1))) = 0

e

Convex SOS Condition
v, (1)(Ly; (X(©) —&(x(t)) v, (t) is SOS
—v] @)L (X®) + L (XE) V5 (&) is SOS

g(X(t)) :positive definite polynomial

K. Tanaka, H. Yoshida, H. Ohtake and H. O. Wang,

A Sum of Squares Approach to Modeling and Control

of Nonlinear Dynamical Systems with Polynomial Fuzzy Systems,
IEEE Transactions on Fuzzy Systems, Vol.17, No 4, pp 911 922 August 2009.

K. Tanaka, A Sum-of-Squares Framework for Fuzzy Systems Modeling dC rol:Beyond Lin
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"
| -based Design

Convex SOS Design Condition

If there exist a symmetric polynomial matrix X (z) and a polynomial matrix
M;(x) satisfying the following SOS conditions, the polynomial fuzzy model
can be stabilized by the fuzzy controller.

| v'(X(@) - al@)Dvis SO |€ ‘V(X(t)) > O\
—o" (T(x)Ai(x) X (#) — T(x)Bi(x)M;(z) + X (&) Af ()T" (2)
M (@) B (2)T" (@)+T(2) A;(@) X (&) ~T() B;{x) Mi()
0X

+X (@) A (z)T" () —M@T(w)Bf(@TT(ZB)—kEZK Tm(i)Af (z)z(z)
aX v > ) g /
- kgzK aTk(:c)A];(m)m(:n)+62ij(m)I)v 18 SOS i ‘V (él(t)) < O

Positive definite polynomial €1(x) > 0(x #0) €j(x) > 0

v € R"is a vector that is independent of x

T(x) € RV>*" is a polynomial matrix whose (i, j)-th entry
IS given by 79(x) = ?(x).
T

K. Tanaka, A Sum-of-Squares Framework for Fuzzy S
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-
-based Design

Convex SOS Design Condition

If there exist a symmetric polynomial matrix X (z) and a polynomial matrix
M;(x) satisfying the following SOS conditions, the polynomial fuzzy model
can be stabilized by the fuzzy controller.

| v'(X(@) - al@)Dvis SO |€ ‘V(X(t)) > O\
—o" (T(x)Ai(x) X (#) — T(x)Bi(x)M;(z) + X (&) Af ()T" (2)
~M; (2)B] (2)T" (x)+T(x)A;(x) X ()~ T(x) B;(x) M;(x)
0X

+X (@) A (z)T" () —M@T(w)Bf(@TT(ZB)—kEZK Tm(i)Af (z)z(z)
aX v > ) g /
- kgz.K aTk(:c)A];(m)m(:n)+62ij(m)I)v 18 SOS i ‘V (él(t)) < O

A stabilizing feedback gain F'; () can be obtained
from the solutions X (2)and M;(xz) as Fi(x) = M, ()X ' (&) .

Lyapunov function V (X(t)) = X" (1)P(X(t))X(t) = X' (t) X (X (t))X(t)

If X () Is a constant matrix, then the stability holds globally.

K. Tanaka, A Sum-of-Squares Framework for Fuzzy S
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-
-based Design

How to Solve Convex SOS?

* A variety of control theory problems can be expressed as SOS
problems (SOSPs).

* |f a problem is formulated in terms of SOS, then it can be
solved by efficient convex optimization algorithms

(the “SOS solvers™).
» SOS solvers: SOSOPT, SOSTOOLS, etc

SOS solvers

< \/ T Check/solve p(x) is SOS
SOSP :\E_Si)_l_’
p(x)=2"(x)Qz(x), Q=Q'

e SOSP\ / SDP\ SDP
| Solution I Solution solvers CheCk/SOIVeQ z' O
\_’-/\1 /\ /

SOS solvers
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D - E I

2 3 2
r1 =—I1 +x] +2] -I-ﬂfli?ﬁz—a:la:%—l—mg—l—:clu

—sinxy — Io

8
I
|

X, (1)

Without control
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: 2 3 2
r1 =—I1 +x] +2] -I-ﬂfli?ﬁz—mla:%—l—a:g—l—a:lu

—sinxy — Io

Takagi-Sugeno

fulzzy model

az_Zh H{A;x + Bu}

Y

PDC fuzzy controller

8
u = —Zhi(z F;x

We can NOT design a PDC fuzzy controller

guaranteeing global stability by solving
the existing LMI conditions
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De5|gn Example

: 2 3 2
r1 =—I1 +x] +2] -I-ﬂfli?ﬁz—mla:%—l—a:g—l—a:lu

— —SINT] — T9
Takagi-Sugeno .
fulzzygmodgl Fo|ynom|al fuzzy model J
& =2 hi(z{Aw+ Bu) ‘“—Zh ()i + B;(z)u)
L ’
PDC fuzzy controller M'ynomial-related fuzzy controllex |J

8 2

u=— Zhi(z)Fim u=—) hiz)Fz)&

. . 82
= 1 1—=1
guares Fral uzz ng ontrol:Beyond Linear Matrix Inequalities,

e University of Electro-Communications (UEC) , Tokyo, Japan
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Design Example

Polynomial Fuzzy Model Construction

i — Zh V& + B;(x)u A;(X) and B; (x) are permitted to

be polynomial matrices in X.

T - .
! t ) 3721 1 3 _ sinzy +0.2172x
A(x) = + $1m21— T3 1 (2) = ot
I —1+ Tr + .’L'% 1 i
Ay () = + z1 T2 — &5 h(z) = FL= ST
02172 -1 1217z,
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: 2 3 2
r1 =—I1 +x] +2] -I-ﬂfli?ﬁz—;}:la:%—l—wg—l—:clu

o = —SINxT] — ITo

Design ‘

- stable controller

by solving the SOS conditions M|ynomial fuzzy model A

= Z hi(z (x)x + B;(x)u}
\/
Mynomial-related fuz‘zw

2

U = — Z h;(z)F;(x)x

84
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Behavior in x,(t)-X, (t) plane

Stabilized by

SOS controller

x,(1)

K. Tanaka, H. Yoshida, H. Ohtake and H. O. Wang, A Sum of Squares Approach to Modeling and Control of Nonlinear
Dynamical Systems with Polynomial Fuzzy Systems, IEEE Transactions on Fuzzy Systems, Vol.17, No.4, pp.911-922, 2009.
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Micro Helicopter Control Example

Weight 190¢g
Blade diameter | 350mm

Co-axial counter rotating helicopter X.R.B
produced by HIROBO

86
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Micro Helicopter Control Example

Micro Helicopter Dynamics

(1) = = (1) (1) + U (1)

v(t) :I%'L!J(t)U(t) + %Uy(f)

1
w(t) =—Ugz(t)
m ex(t) = 2(t) — Trep. €y(t) = y(t) — Yrer. and e (1) = 2(t) — zpes

P(t) € [-7 7|

Takagi-Sugeno Fuzzy Model
2
2(1) =Y hi(2(t) {Asx(t) + Biu(t)}
=1

y(t) =) hi(z(t) Cia(t)
i=1

where z (%) = 1/(¢) and

z(t) = [u(t) v(t) w(t) ex(t) ey (t) eo(t)]"
u(t) = [Ux(t) Uy (t) Uz ()" . 87
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Micro Helicopter Control Example

Takagi-Sugeno Fuzzy Model

2(t) =Y hi(2(t) {Ax(t) + Bou(t))

y(t) =Y hi(2(t) Ciz(t)
i=1
0 —4T 0 0 0 07 -1 0 0
a0 0 0 0 0 0 L+ 0
A_ﬁooooo 0 0 L
=11 0o o000 0] Bi=Ba=|, 4
0O 1 000 0 0 0 0
0 0 1 0 0 0l 0 0 0.
-0 22 0 0 0 0 00 0 1 0 0
—em 00 0 0 0 C,=Cy=|0 000 1 0
" 0" 0 0 0 0 0 00000 1
2 0 0 0 0
1 0 0 0 +
m
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Micro Helicopter Control Example

Micro Helicopter Dynamics
(Takagi-Sugeno Fuzzy Model)

Guaranteed Cost Controller Design

LMI controller SOS controller
u(t) = - hi(z)Fa(t) u(t)=—> hi(z)Fi(z(t)2(t)

Comparison of performance function values
7= [y ®Qu(®) + u! () Ru(t)}at

Kazuo Tanaka, Hiroshi Ohtake and Hua O. Wang,
Guaranteed Cost Control of Polynomial Fuzzy Systems via a Sum of Squares Approach,
IEEE Transactions on Systems, Man and Cybernetics Part B, Vol.39, No.2, pp.561-567 April, 2009. »

ing and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications (UEC) ,
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Micro Helicopter Control Example

Casel Q=I, R=0.1l
Case Il Q=I, R=I
Case Il Q=I, R=10I

Comparison of performance function values J

Case | Case II | Case IlI
T controller 067086 | Lot Ss73 | ™
S015 controller (Order of M 1= 2) D7D ' D38 =
S0O5 controller (Order of X 15 2 0.60621 A= .

Reduction rate of J (% 14.48593 | 33.07563 | 39.9326

1 Max 39% reduction

SOS design approach provides
better control results than the LMI design approach.

Kazuo Tanaka, Hiroshi Ohtake and Hua O. Wang,
Guaranteed Cost Control of Polynomial Fuzzy Systems via a Sum of Squares Approach,
IEEE Transactions on Systems, Man and Cybernetics Part B, Vol.39, No.2, pp.561-567 April, 2009. .

ing and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications
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Micro Helicopter Control Example

[330 Yo <0 ?p()]T = [0 00 %W]T — [.Cli‘r,nef Yref Zref wref]T — [06 0.4 1.0 O]T

Casel Q=I, R=0.1l
Case Il Q=I, R=l
Case 11 Q=I, R=10I

X [m] 0.7

Control Results ( Order of X is 0, Order of M is 2)

Kazuo Tanaka, Hiroshi Ohtake and Hua O. Wang,
Guaranteed Cost Control of Polynomial Fuzzy Systems via a Sum of Squares Approach,
IEEE Transactions on Systems, Man and Cybernetics Part B, Vol.39, No.2, pp.561-567 April, 2009. o

ing and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications (UEC) , Tokyo, Japan
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Recent Topics

Some recent topics in SOS-based design
will be presented in the tutorial.

o
5007

92
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Conclusions

Polynomial LF is
most powerful!

Tutorial Overview

@ Introductions
& Part1

Outline of Takagi-Sugeno (T-S) Fuzzy Model-based Control
& Part 11

T-S Fuzzy Model-based Control using Linear Matrix
Inequalities (LMIs)

SOS Ag{proach € Part 111

Theoretical Advances in T-S Fuzzy Model-based Control
using LMIs

¢ Part 1V

Beyond LMIs: Polynomial Fuzzy Systems Control and
Analysis using Sum-of- Squares (SOS)

@ Conclusions

. Beyond LMIs

K. Tanaka, A Sum-of Squares Framework for Fuzzy Systems Modeling and Control:Bevond Linear Matrix Inequalities, The University of Electro-Communications (UEC) , Tokyo, Japan

BOSTON BETTER WAY

UNIVERSITY

TOKYO

K. Tanaka, A Sum-of-Squares Framework for Fuzzy Systems Modeling and Control:Be i i ities, i ity of Electro-Communications (UEC) , Tokyo, Japan



. Tanaka, A Sum-of-Squares Framework for Fuzzy Systems Modeling and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications (UEC) , Tokyo, Japan

Conclusions

. This road to nonlinearity castle (nonlinear systems control)
- is generally hard due to the difficulties

- to understand nonlinear control theory

- to use it for real complex systems

Nonlinearity Castle N,
(Nonlinear Systems | £!

=
=
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Conclusions

The history of fuzzy-model based control is
the history of matching to nonlinearities.

When nonlinearities met fuzzy logic,
nonlmearltles became easier to contend with.
‘ ¥

MATINAEZAREAELITE
BRLANRRRIA Lavuat
Nenlinearity Castle \ ,_ #gﬁ'? L %ﬁig
(Nonlinear Systems = piedereniiaug
' = o4ty Auakikaitite

Contrql) *i'1 From T-S Fuzzy Model

. to Polynomial Fuzzy Model
From Simple LF & e

to Generalized IF

95
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Future Research

* What’s coming next?
LMI BE) SOS M) 7

» Great & Challenging Applications
Unmanned aerial vehicle (UAV) control applications

More challenging

K. Tanaka, A Sum-of-Sq ing : gualities, i ity of Electro-Communications (UEC) , Tokyo, Japan



| UEC-UAV
g (Unique, Exciting, Challenging UAV)

« Fixed Delta-shaped wing -
» Wingspan: 2000 mm / |

e Length: 862 mm sy ¥

» Weight: 2.5kg il

 Relatively high-speed (70km/h max) __‘é

. Longer flylngm

» Huge payload (approx. 2 kg)
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- '

UEC-UAV
(Unique, Exciting, Challenging UAV)

P sy AT
"Lk LS, G

-.'—““A"“
Ny -

" Manual control by students.
Actually very tough to realize stable control by human. ¢
y very toug y j i

Wl VTN T

L e NS S “

3 " w\_
=1
\‘./ . - ' —
,gﬁ; A —

By 2 Ay el y f' , \
% p - ‘) .‘ﬂ%
s .'q W
T - - 3

B
X
3
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»




UEC-UAV
(Unique, Exciting, Challenging UAV)

Wireless module
(XBee)

Li-Po batt.
(11.1v/4000mAh X 2)

ESC
(Electric Speed Controller)

........

Microcontroller

Air speed sensor
(Pitot tube)

R/C receiver




alkl Aerospace Research Field

View from
UEC-UAV’s on-board high-definition cam




<. Tanaka, A Sum-of-Sqguares Framework for Fuzzy Systems Modeling and Control:Beyond Linear Matrix Inequalities, The University of Electro-Communications (UEC) , Tokyo, Japan

Future Research

Our UAV (UEC-UAV) Control (Video)

2015/10/14 07:08:17
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