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Factor Graphs and Belief Propagation (BP)
[Kschischang, Frey and Loeliger, 2001]

@ F(Xq,X2,X3,X4) = fa(X1, X2, X3) o (X1, Xg)-fc (X2, Xa) -fa (X3, X4)
@ Codes on graphs: e.g., fa(Xg,X2,X3) := [X1 ® X2 & X3 = 0].
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Factor Graphs and Belief Propagation (BP)

[Kschischang, Frey and Loeliger, 2001]

Markov Random Field (MRF)

When F(xy ) represents a joint distribution of
Xy = {Xy : v € V}, the factor graph is a Markov Random Field
(MRF).

Computation Objective
For every u € V, determine

R, = arg ”}?XZ F(xv)

~Xu

Example
@ Statistical inference
@ MAP Decoding

| \




Factor Graphs and Belief Propagation (BP)

[Kschischang, Frey and Loeliger, 2001]

BP: variable vertex passing message

Wﬂ
Hcy

fy

fia—d(Xa)
_

fq

fc

pra—d(Xa) = po—a(Xs) - pc—a(Xa)



Factor Graphs and Belief Propagation (BP)

[Kschischang, Frey and Loeliger, 2001]

BP: function vertex passing message

wl)
a-3(X3)
=)
H2-a(X2)

pa—3(X3) = Y fa(X1,X2,X3) - p1a(X1) - pa—a(X2)
X1,X2



Factor Graphs and Belief Propagation (BP)

[Kschischang, Frey and Loeliger, 2001]

BP: summary message

Wﬂ
Hcy

fy

fid—4(Xa)

fq

fc

pa(Xa) = pb—a(X4) - pre—a(Xa) - pa—a(Xa)
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k-SAT Problems

@ each variable x, € {0,1}

@ each constraint involves k
variables

@ find a global configuration of
variables satisfying all
constraints



Random k-SAT Problems

@ Erdos-Renyi random graph ensemble parametrized by
density «

@ Two thresholds of a

UNSAT
Regime

Easy Regime
Local Search

Hard Regime
Local Search Fails
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@ left message (variable to constraint):

@ distribution of “intention”
@ possible intentions:

@ s: ‘I will satisfy you!”
@ u: “I will not satisfy you!”
@ =« “| can be whatever”
@ right message (constraint to variable):

o distribution of “command”
@ possible commands:
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Survey Propagation (SP) for k-SAT

[Mézard, Parisi and Zecchina, 2002]

@ left message (variable to constraint):

e distribution of “intention”

@ possible intentions:
@ s: ‘I will satisfy you!”
@ u: “I will not satisfy you!”
@ =« “| can be whatever”

@ right message (constraint to variable):

e distribution of “command”
@ possible commands:
@ warning : “Satisfy me!”
@ no warning : “Whatever ..”



Survey Propagation (SP) for k-SAT
[Mézard, Parisi and Zecchina, 2002]

Right Message: Constraint — Variable

o — H nﬂ—»c
Me—v = Lluev(c)\{v} M Fms_ Fmi_.

warnin no wariy



Survey Propagation (SP) for k-SAT

[Mézard, Parisi and Zecchina, 2002]

Left Message: Variable — Constraint
Ny = (1 - Hbecg(v)(l - 77b—>v)) Hbecg(v)(l — Mb—v)
° I—Is%c = (1 - HbGCcs(v)(l - nb**V)) Hbecg(v)(l - anV)

@ My_c =ITbecsv)(T = mo—v) Ibecuw)(T — mo—v)

warning - no warnin - no warnin -
- - -
- - -
- - -
- - -
- -

- - -
-
- .
- warning
-—

- . - .
- no warning - no warning
-— -—




Survey Propagation (SP) for k-SAT
[Mézard, Parisi and Zecchina, 2002]

Summary Message
® ¢} = (1~ Moccrny(L = M) Tbecow (2 = M)

° (= (1 - HbeCO(v)(l - ”bﬂv)> 1_[becl(V)(1 — )
® (v = Ilbect)(1 = Mo—v) [becow) (1 = mo—v)

@ B(V)=G-¢



Survey Propagation (SP) for k-SAT

[Mézard, Parisi and Zecchina, 2002]

@ while ( ~solvableByLocalSearch(problem))

e while ( ~converge || ~reachMaxIteration)

{

@ variables.passMessages
@ constraints.passMessages
@ variables.updateSummaryMessages

e problem:=decimation()

}

@ solution=localSearch(problem)



k-SAT: From SP to SP(y)
[Maneva, Mossel and Wainwright, 2005]
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k-SAT: From SP to SP(y)

[Maneva, Mossel and Wainwright, 2005]

SP Left Message: Variable — Constraint
oy = (1 - Hbecg(v)(l - ﬂb—>v)) Hbecg(v)(l — Tb—v)
o I3
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k-SAT: From SP to SP(y)

[Maneva, Mossel and Wainwright, 2005]

SP Left Message: Variable — Constraint
oy = (1 - Hbecg(v)(l - ﬂb—>v)) Hbecg(v)(l — Tb—v)
@ M_.= (1 - Hbecé(v)(l - WbHV)) Hbecg(v)(l — Th—v)

@ My_c = Ilbecsv)(T = mo—v) [Tpecaw)(1 — mo—v)

SP(v) Left Message: Variable — Constraint

oy = (1 -7 Hbecg(v)(l - 77b—>v)> Hbecg(v)(l — Tb—v)

M5 .= (1 — becs (1 — 77b—>v)) [hecow)(1 —mo—v)

@Iy .= Hbecg(v)(l — Tb—v) Hbecg(v)(l — Tb—v)




k-SAT: From SP to SP(y)

[Maneva, Mossel and Wainwright, 2005]

SP Summary Message
8 G = (1 - Hbecl(v)(l - 77b—>v)> HbeCO(V)(l = )

° (= (1 ~ [becowy(1 = ”bﬂv)> Hbeciw) (L = o)
® G = Ilbect)(1 = Mo—v) [becow) (1 = mo—v)




k-SAT: From SP to SP(y)

[Maneva, Mossel and Wainwright, 2005]

SP Summary Message

o ¢t = (1~ becry(t — ) secsuy(t ~ )

° (= (1 ~ [becowy(1 = ”bﬂv)> Hbeciw) (L = o)
® (v = Ilbeci)(X = mo—v) Ilbecow) (1 = o)

SP(v) Summary Message

° (;= (1 — 7 Ibecroy(1 - nb_"’)) [Ibecow)( = mb—v)

° (= (1 — 7 becow)(1 = Ubﬂv)) beciw)( = o)
® G =7 Ilbecrv)(L = mo—v) Ibecow) (X = m—v)
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k-SAT: From SP to SP(y)

[Maneva, Mossel and Wainwright, 2005]

SP(v)
@ v € [0, 1] providing tunable performance
@ v=1= SP(y)is SP.
@ developed for k-SAT
@ lacking probabilistic interpretation

@ resulted from BP on a (different) MRF formalism of k-SAT
e = “SPis BP”
@ = anew look of SP



Success of SP: Constraint-Satisfaction Problems
(CSPs)

k-SAT g-CoL

[Mézard, Parisi and Zecchina, 2002] [Braunstein, Mulet, Pagnani, Weigt and Zecchina, 2003]



Success of SP: Coding for Blackwell Channel

[Yu and Aleksic, 2005]



Success of SP: Quantization of Bernoulli Source

[Wainwright and Maneva, 2005]
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“SP is BP”

For k—SAT Problems
@ SPisBP [Braunstein and Zecchina, 2004]
@ SP(v)is BP [Maneva, Mossel and Wainwright, 2005]

How about for general CSPs?
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@ Generic formulation of CSP?
@ Generalizing SP?

e What is SP?
e Generalizing SRsat () for arbitrary CSPs?

@ MRF formalism for arbitrary CSP?
@ BP-to-SP reduction rule?

@ k-SAT
@ 3-COL




Generic Formulation of CSP

@ variable xy € xv

@ local constraint e € J] xv
vev(c)



Generic Formulation of CSP

Example (k-SAT)
()

@ v :=1{0,1}.
@ [, :=
(Xl X X2 X X4) \ {(0’ 17 1)}




Generic Formulation of CSP

Example (3-COL)

o Xv - — {1’ 2,3}

4 I‘{l,z} =
(x1 x x2) \ {(1,1),(2,2), (3,3)}




find a solution for

[ xv)elel =1
ceC



find a solution for

[ xv)elel =1
ceC

@ Factor graph representation



Generic Formulation of CSP

Factor graph representation of 3-COL
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Generalizing SP

@ What is SP?
@ How to characterize “intention”/*command”?

@ How to interpret SPysat()?
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Generalizing SP: Alphabet Extension

Alphabet Extension
For every v € V, define token set of v

xv i ={tSxv:t#0}

@ “intentions” and “commands”: elements of ;.

Example (symbols in SPyg4t)

“intentions”
@ s:{L}
o u:{L}
@ x:{0,1}

‘commands”
@ no warning :{0,1}
@ warning :{L}
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Generalizing SP: Alphabet Extension

e speaking of obedience ...

“obedience”

Intention a obeys command b if
aChb
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Generalizing SP: Alphabet Extension

e speaking of democracy ...

“democratic voice (letter)”

A letter xy € v is “democratic” w.r.t. a set of intentions
tvenvy = {tu € X :u € V(c) \ {v}} if at least one
combination of the letters in the intentions paired with letter x,
makes [ satisfied, namely

(v, Xv(epngvy) € Te forsome xyeppy € [t
ueV(c)\{v}
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= oty = {1}, t = {1}
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Generalizing SP: Alphabet Extension

Example (k-SAT)

oty ={1}, to = {1}
@ X4 = 1 is democratic
@ X4 = 0 is democratic

o t; = {0}, tz = {1}
@ X4 = 0 is democratic

“democratic command”: Forced Token F; < I1 tu>
\{v}

ueV(c)
The set of all “democratic letters” w.r.t a set of intentions
tve)\{v} := {tu € xi; : U € V(c) \ {v}} is the “democratic
command” W.r.t ty )\ fv}-




Generalizing SP: Alphabet Extension

Example (3-COL)

@\ oty = {1}
7 r o Fe(ty) = {2,3}
@/




Generalizing SP: Alphabet Extension

Example (3-COL)

@\ oty = {1}
o F.(tu) =1{2,3}

Me

‘?/ o t,={1,2}
@/ o F(ty)=1{1,2,3}
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Probabilistic Token Passing (PTP): Left Message

@ outgoing intention:
e obeying all incoming commands from upstream
e having maximal “freedom”

o tVHC = ﬂbEC(V)\{C} tbi)v
@ left message: the distribution of outgoing intention

e conditioned on no conflict in incoming commands
@ assuming independence of incoming commands

4 )\v—>c(t) o= Z [t = m tb—»v‘| H ﬂbav(tbev)
o)\ {e}—v beC(v)\{c} beC(v)\{c}
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Generalizing SP: Interpretation of SP

Probabilistic Token Passing (PTP): Right Message

@ outgoing command:
e the “democratic command” w.r.t. incoming intentions from
upstream

® tey :=Fc ( I1 tu—>c)
ueV(c)\{v}

@ right message: the distribution of outgoing command

e conditioned on no conflict in incoming intentions
° assuming independence of incoming intentions

o Pc—»v =

[ ( tu—>c>] H /\U—rc(tUHC)
tV<c>\{v}ﬂc ueVv(c)\{v} ueVv(c)\{v}




Generalizing SP: Interpretation of SP

Probabilistic Token Passing (PTP): Summary Message

@ summary intention:

e obeying all incoming commands from all directions
e having maximal “freedom”

® tv = Moec(v) v

@ summary message: the distribution of summary intention

e conditioned on no conflict in incoming commands
e assuming independence of incoming commands

o ,uv(t) = Z |f - n )tb—>v‘| H Pbﬂv(tbav)

tC(v)~>v bEC( bEC(V)




Generalizing SP: PTP is SP

PTPysat = SPksat- Specifically




Generalizing SP: PTP is SP

PTPysat = SPksat- Specifically

® Iy _c < Av—c({L})
® MY_c < Av—c({L})
@ My _c < A—c({0,1})




Generalizing SP: PTP is SP

PTPysat = SPksat- Specifically

0 M5 o Avc({L})
® My . = Av—c({L})

@ My_c < Av—c({0,1})

@ 7c—v < pev({0}) + pe—v({1})




Generalizing SP: PTP is SP

PTPysat = SPksat- Specifically

0 M5 o Avc({L})
® My . = Av—c({L})

@ My_c < Av—c({0,1})

@ 7c—v < pev({0}) + pe—v({1})

° ¢ < m({0})
° ¢ < m({1})
° (< m({0,1})




Generalizing SP: PTP is SP

PTPysat = SPksat- Specifically

0 M5 o Avc({L})
® My . = Av—c({L})

@ My_c < Av—c({0,1})

@ 7c—v < pev({0}) + pe—v({1})

° ¢ < m({0})
° ¢ < m({1})
° (< m({0,1})

V.

PTP3coL = SP3coL[Braunstein, Mulet, Pagnani, Weigt and
Zecchina, 2003].




SP messages are
distributions of tokens



tokens are
subsets of variable alphabet



Generalizing SP: From SPysa () to Weighted-SPysat
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SPysat(7) Right Message: Constraint — Variable

° _ H nﬁ—»c
Tle—v = lluev(c)\{v} MU FM5_ i .

Weighted-SPys5¢ Right Message: Constraint — Variable

u
I_Iu—>c

© no—v = [uev(en vy morm—Fm—
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Generalizing SP: From SPysa () to Weighted-SPysat

SPysat () Left Message: Variable — Constraint
oy = (1 -7 Hbecg(v)(l - 77b—>v)> Hbecg(v)(l — Tb—v)

M5 .= (1 — becsvy(1 — 77b—>v)) [loecow)(1 = m—v)

@Iy .= Hbecg(v)(l — Tb—v) Hbecg(v)(l — Tb—v)

Weighted-SP,s, Left Message: Variable — Constraint
@ My_.= (1 -7 Hbecg(v)(l - nbﬂv)) Hbecg(v)(l — Tb—v)
@M .= (1 -7 Hbecg(v)(l - 77b—>V)> Hbecg(v)(l — Tb—v)

Iy =7 Hbecg(v)(l — Tb—v) Hbecg(v)(l — Nb—v)
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Generalizing SP: From SPysa () to Weighted-SPysat

SPysat(v) Summary Message
O Gy = (1 — ¥ [becrv)(1 — nbav)) becow) (X = p-v)

o (0= (1 — ¥ becopy(1 - 77b—>v)) Ibeciw)(L = b—v)
® ¢ =7 1Ibecr(v)(1 = Mb—v) ITbecow)(L = o)

V.

Weighted-SPys; Summary Message

° (i = (1 =7 1Ibecrwy( = Ubﬁv)) Hbecow)( = o)

- C\(/) = (1 = VHbECO(V)(l - 77b—>V)) Hbecl(v)(l o 77b—>V)
o C\T =7 HbECl(V)(l — 77b—>v) HbECO(V)(l - nb—N)

N
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Generalizing SP: From SPysa () to Weighted-SPysat

Weighted-SPysat = SPisat(7)

e N{_. and IM}_, . alway appear together in the form of
M—e + M-

@ In SPysat () and in Weighted-SPysa, M5 _ . + MY _ . has the
same parametric form, both equal to [],ccu(y)(1 = mb—v)-
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Generalizing SP: Interpretation of Weighted-SPysat

Modified PTP Interpretation of Left Message

@ outgoing intention:

obeying all incoming commands from upstream

not necessarily having maximal “freedom”

every subset of the common command (,cc () (¢} tb—v
allowed.

depending on the common command probabilistically via a
“conditional” w(alb)

@ left message: the distribution of outgoing intention

e conditioned on no conflict in incoming commands
@ assuming independence of incoming commands

@ Ae(t)i= X w (t N tbﬂV) [T ro—v(toov)
beC

te)\ {c}—v beC(v)\{c} (v)\{c}




Generalizing SP: Interpretation of Weighted-SPysat

“conditional” w(a|b) : x¥ x (x§ U{0}) — R4

: if a={0,1}
w(al{o,1}) = {1_% if ac {0,1}
w(@{0}) = [a={0}]

w@{1}) = [a={1}]

w(@ld) = 0




Generalizing SP: Interpretation of Weighted-SPysat

“conditional” w(a|b) : x¥ x (x§ U{0}) — R4

| : if a={0,1}
w(al{0,1}) = {1_% if ac {0,1}
w(@{o}) = [a={0}]

w@{1}) = [a={1}]

w(@ld) = 0

Replacing [a = b] in PTPysy With w(alb) results in
Weighted-SPygqt -




Generalizing SP: Weighted-PTP

Weighted-PTP messages
Z Wy (t

tC(v)\{c}—»v

M—clt)

ﬂ to—v H Po—v(th—v)
\{c} beC

=) (V\{c}

Pc—v (t) = Z [t = FC ( H tu_)c>] X
W\ {vi—c uev(c)\{v}

T Au—cltuee).
ueV(c)\{v}

MV(t) = Z Wy (

tew)—v

m tbﬂv) H pe—v (te—v)

beC(v) ceC(v)




Generalizing SP: Weighted-PTP

Condition of wy(alb) : x§ x (xy U {0}) — Ry

wy(alb) =0 if
@b=0or
ea¢hb




intention may depend on commands

functionally (PTP)
or
probabilistically (Weighted-PTP)



Weighted-PTP
IS the most general form
of SP
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Generalizing MRF

@ Forney graph ([Forney, 2001])
@ Xy — Y EXy
@ Syc = (Sb,cvss,c) €Xv X Xv

o left state: “intention”
e right state: “command”
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Generalizing MRF

F(yv,sv.c) == II av(Wv,Sv.cv)) II fe(Sv(e).c)

vev ceC

@ fe(sy c)c) =

I1 [5 (S\I_/(c)\{v},(:)]

veV(c

° gv(YVaSv,C(v)) =
V<YV N Svc) II [Svc

ceC(v) ceC(v

yv]



Generalizing MRF

BP Messages on the MRF

L R L R
)‘V—>C(Sv,cvsv,c) = Z Wy (Sv,c ﬂ Sv,b) X

R
Sv.c\{c}

H Pb—v (S\I;7C’ S\'?,c)
beC(v)\{c}

pev(Syc,SEe) = Z [Ss,c = Fc(S\L/(c)\{v},c)} X
SV(E\ (v 0

H )‘U—>C(Su ,C) Fe (Sv(c)\{u} c))

ueV(c)\{v}
) = Z wy | Yv m S\l/?’c H pe—v(Yvs vc)-
sk ceC(v) ceC(v)

v,C(v)




Generalizing MRF

Example (k-SAT)

Av—c(ll) = II Ppov@) I (pov(tl) + ppy(Lx))
becd (v) beCE (v)

Aoc@x) = JI ev@) | T (eoov@o)+ppn@) =y [ ppov(ls)
bECE(v) bect (v) beclv)

Av—c(lx) = H Pb—sv(t*) H (Pp—v (L*) + pp—y(LL)) — v H Pb—v (L)
becy(v) beCE (v) beCE (v)

Y H Pb—y ()

becy (UCE (v)

Av—sc(**)




Generalizing MRF

Example (k-SAT)

pc—v(LL) = 11 Au—c (L)
ueVv(e)\{v}

pe—v(Lx) = IT  Quee(ts) + Aume(x5) + Aumsc(Tx)) — II Aumc(L*)
uev(e)\{v} UEV(e)\{v}
+ Y Qusc(l) = Aduc(L®) — Ausc(*%)) 11 Aw—c(C*)

uev(e)\{v} weV(c)\{u,v}

pe—v(L*) = II  Quee(t) + Au—c(xx) + Aumsc(Tx)) — II Au—c(L*)
uev(e)\{v} UEV(e)\{v}

peov(¥%) = II  Quecs) + Aumc(es) + Aumc(@) — [ Au—c(L#)
uev(e)\{v} uev(e)\{v}




Generalizing MRF

Example (k-SAT)

w(0) = H pe—v (L*) ( H (pc—v (LL) + pc—v(Lx)) — v H Pc—av('—*))
cecl(v) cecO(v) cecO(v)

mw(l) = H pe—v (Lx) H (pc—v (LL) + pc—v(Lx)) — v H pe—v (L*)
cecOv) cecl(v) cecl(v)

p(x) = v H Po—sv (%)

ceC(v)




Generalizing MRF

Example (3-COL)

Av—c(iyif) = (Pp—v (i51) + pp—y (i, 1K) + pp—y (i, ifk))
bec(v)\{c}
- 11 (Po—v (i511) + pp—y (i, iik))
beC(v)\{c}
Av—c(isik) = IIT oy (sii) + po—v (s k) + pp—v (i, iik))
bec(v)\{c}
- II (Po—v (i511) + pp—y (i, iik))
beC(v)\{c}
- II  (ovGik) +ppn i)+ JT  pov(ik, k)
beC(v)\{c} beC(v)\{c}
Avoelii, i) = II (oo (i ii) + poy i, iik))
beC(v)\{c}
Av—c(ij, k) = 1T (P —v (i1, 1) + pp—y (i, ik )) — 1T Pb—v (ilk , ijk)
beC(v)\{c} beC(v)\{c}
Av—cl(ik, ik) = 1T pb—v (ilk , ijk)
beC(v)\{c}




Generalizing MRF

Example (3-CO

pe—v (i) = Ay(e)\ {v}—c(k, k)
pe—v(i, 1K) = Ay(c)\ {v}—c (K, k)
pe—v (i, i) = Ay {v}—c(k,ik)
pe—v (i, 1K) = Ave)\ {v}—c s 1K) + Ay o)\ fvi—c (K, 1K) + Ay (e (v} —c (K, ik)
FAv () {v} —c(ik, ik)
pe—v (i, iK) = Aye)\ v} —clil, 1K) + Av(e)\ (v} —c UK iIK) + Ay o)\ fv}—c (K, k)

FAV () {v} —c(ik, ik)




Generalizing MRF

Example (3-COL)

m@) =TI (e (i) + pe—v(isik) + pc—v (i, iik))
ceC(v)
_ H (pe—v (iyii) + pc—v (i, ik))
cEC(V)
= II (e—vliik) + pe—v(isiik) + [T po—visiik)
cEC(v) ceC(v)
py(i) = IT Ceev(isil) + pe—v i, iik)) = T pe—sv (i, ik)
ceC(v) ceC(v)
pe(ik) = [ pe—vlik,ik)
ceC(v)




Generalizing BP-to-SP Reduction

e Wait a second, change heading ...
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Generalizing BP-to-PTP Reduction

@ the k-SAT special case

Under the following conditions
o normalizing AP (Lx) + ABPL(Lx) + ABPL (Lx) = 1

e Initializing pB) (Lx) = p&P(Cx) = p) (x4)
BPysat=Weighted-PTPys4t. Specifically,




Generalizing BP-to-PTP Reduction

@ the k-SAT special case

Under the following conditions

o normalizing AP (Lx) + ABPL(Lx) + ABPL (Lx) = 1

@ Initializing pg_“),(L*) = pr_'?\),(L*) = P<(:B—'>D\)/(**)

BPysat=Weighted-PTPys4t. Specifically,

0 AP (Lx) = A7)
0 AP (Lx) - ATT(D)

() )\\(,T)C(**) — )\\(,':T?(*)




Generalizing BP-to-PTP Reduction

@ the k-SAT special case

Under the following conditions

o normalizing AP (Lx) + ABPL(Lx) + ABPL (Lx) = 1

@ Initializing pg_“),(L*) = pr_'?\),(L*) = P<(:B—'>D\)/(**)

BPysat=Weighted-PTPys4t. Specifically,

0 AP (Lx) = A7) 0 %) (Lx) = pTD ()
0 AP (Lx) - ATT(D) 0 P (LL) & pFTD(0) + pFTD(2)

() )\\(,T)C(**) — )\\(,':T?(*)




Generalizing BP-to-PTP Reduction

@ the k-SAT special case

Under the following conditions

o normalizing AP (Lx) + ABPL(Lx) + ABPL (Lx) = 1

@ Initializing pg_“),(L*) = pr_'?\),(L*) = P<(:B—'>D\)/(**)

BPysat=Weighted-PTPys4t. Specifically,

0 AP (Lx) = A7) 0 %) (Lx) = pTD ()
0 AP (Lx) - ATT(D) 0 P (LL) & pFTD(0) + pFTD(2)

@ AT (x+) = AT(%) o ) o pf ™
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Proof Sketch:

@ The initialization condition holds for all iterations after




Generalizing BP-to-PTP Reduction

Proof Sketch:

@ The initialization condition holds for all iterations after
@ Simplification
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Generalizing BP-to-PTP Reduction

What does the initialization condition in k-SAT mean?

o R (Lx) = pBR(Tx) = pBF) ()

Right message should

@ only depend on the right state (outgoing command)
@ not depend on the left state (incoming intention)

@ Recall this is the case in PTP/Weighted-PTP.



Generalizing BP-to-PTP Reduction

Recall right function in the MRF

fe(svieye) = |] {55@ =Fc (S\L/(c)\{v}.,c)}

veV(c)



Generalizing BP-to-PTP Reduction



Generalizing BP-to-PTP Reduction

State Decoupling (') Condition of BP Message

For all (sy ¢, S{.) in the support of pc_y (-),

:OC—N(S\IZC vc) Pe—v (S \I/?cvs\ll?,c)'
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Generalizing BP-to-PTP Reduction

Test on 3-COL

Lemma

For 3-COL, if SD condition is satisfied in iteration I, it is not
satisfied in iteration | + 1.

What Went Wrong?
@ SP is NOT BP?
@ SD condition is NOT the right one?




Generalizing BP-to-PTP Reduction

“State-Decoupled BP” (SDBP)

@ p=BP())




Generalizing BP-to-PTP Reduction

“State-Decoupled BP” (SDBP)
@ p=BP())

° pzﬂv(sb,cvss’c) = pCHV(S\I/q,cvS\l?,C)-




Generalizing BP-to-PTP Reduction

“State-Decoupled BP” (SDBP)
@ p=BP())
° Pzﬂv (S\|7,C7 85,0) ‘= Pc—yv (55,07 85,0)'
@ A\ =BP(p")




Generalizing BP-to-PTP Reduction

SDBP3co. = Weighted-PTP3co.. Specifically

c—V < Pec—v




SP iIs not BP



Generalizing BP-to-PTP Reduction

SDBP = Weighted-PTP in general?




Generalizing BP-to-PTP Reduction



Generalizing BP-to-PTP Reduction

Locally Compatible Constraint

For any (c — v), we say that a token t, € (x*)" is forceable by I if

there exists arectangle [  t, supported by V(c) \ {v} such
uev(e)\{v}

that F¢ II t ] =t,. We will denote by F;(v) the set of all
uev(e)\{v}
tokens on v that are forceable by I'c. Let Ac(V) = Uyc 7 o)t

For any (c —v), let A_c(v) be defined by

Ac(V) = ﬂ Ap (v

beC(v)\c

A constraint I'¢ is said to be locally compatible if for any v € V(c), any
forceable token t, € F.(v), any rectangle t’ € Fg ! (t,) supported by
V(c)\ {v}, andanyu e V(c)\ {v}, it holds that

Ae(U) CFe (t X thonruvy ) -



Generalizing BP-to-PTP Reduction
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Generalizing BP-to-PTP Reduction

@ Locally Compatible Condition

O
o
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Generalizing BP-to-PTP Reduction

@ Locally Compatible Condition




SDBP = Weighted-PTP if and only if every constraint is locally
compatible.

N -




SDBP = Weighted-PTP if and only if every constraint is locally
compatible.

Example (k-SAT and 3-COL)

S

le




Is SP BP?



why should SP be BP?



