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Abstract

Omnidirectional catadioptric cameras combine curved
mirrors with conventional cameras in order to obtain a
large field of view. Since the mapping from space to im-
ages becomes highly non-linear a problem of sufficiently
uniform sampling of the view field appears. With «
standard camera, often, a uniform rectangular sam-
pling of the imager is transformed into a non-uniform
sampling of the view field. In this paper we design the
shape of the mirror that can be combined with an ezist-
ing space variant imager so that a uniform sampling of
the view field is obtained. We verify designed shape of
the mirror with the real log-polar SVAVISCA sensor.
We investigate experimentally how uniform the resolu-
tion of a resulting real uniform-resolution sensor is and
compare it with the simulation.

1. Introduction

This' paper describes the design and experimental val-
idation of a specific omnidirectional camera. An omni-
directional camera is a combination of a conventional
camera and an axially symmetric mirror. Qur goal is
to design the mirror shape that matches the log-polar
SVAVISCA sensor [10, 4] such that a uniform sampling
of a scene around the panoramic camera is obtained.
The advantage of using a polar sensor is that panoramic
images are obtained directly by reading pixels out from
the sensor without any additional image warping,.

In the past, various mirror shapes had been pre-
sented. For this paper, the important shapes are those
derived by Conroy and Moore in [3] and by Hicks and
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Bajcsy in [6, 7). The mirror designed by Conroy and
Moore is resolution invariant from space to image, or
equivalently, achieves a constant relationship between
the pixel density of the imager and the solid angle of the
view field. The resultant panoramic images thus sam-
ple the scene around the camera uniformly. The mir-
ror designed by Hicks and Bajcsy samples uniformly a
plane in the scene, which is parallel to the imager plane.
Their panoramic camera can be used, e.g., to observe
the floor around a mobile robot. The mapping realized
by their sensor maps plane to plane and therefore it
is natural to have a rectangular arrangement of pixels
on the imager to uniformly cover the floor around the
robot.

It is also possible to use a space variant imager,
which has pixels arranged in concentric rings with the
same number of pixels per ring and with pixel size vary-
ing as a function of the radius. Instead of adapting the
pixel sizes for a given mirror shape to equalize the im-
age resolution, as discussed by Bruckstein and Richard-
son in [1], an existing imager can be used in combina-
tion with an adapted mirror shape. Chahl and Srini-
vasan proposed in [2] to use an imager with a log-polar
pixel distribution as designed by Tistarelli and San-
dini [11]. By that, a catadioptric scnsor that samples
uniformly a cylinder around the camera is obtained.

The contribution of this paper is the design of a mir-
ror that matches the geometry of pixel distribution of
an existing log-polar imager such that a uniform sam-
pling of the scene is obtained. The uniformity of the
sampling in azimuth is provided automatically by us-
ing the imager with a polar arrangement of pixels. On
the other hand, the uniformity of the sampling along
z (vertical) axis can only be achieved by designing the
mirror shape to match the radial distribution of the
pixels on the imager. In this paper, we designed the
shape for the SVAVISCA imager but the methodology



of the design is clearly applicable for other pixel ar-
rangements as well.

The paper is organized as follows. First, require-
ments for omnidirectional cameras are described in Sec-
tion 2.1. The design in Section 2.2 treats first the
problem of cylindrical projection without concerning
the imager. Then, the solution for a non-uniform pixel
density is presented. The theory is verified by experi-
ments in Section 3. Both simulations Section 3.1 as well
as the measurements on the real mirror and SVAVISCA
sensor are presented, Section 3.2. Conclusions are given
in Section 4.

2. Mirror shape design

2.1. Requirements

It is advantageous to use an omnidirectional camera to
detect and track moving objects. This task is simpli-
fied when the size of the object as projected into the
images does not depend on the position of the object in
the image. If the aim of a system is to detect and track
moving objects, e.g. human faces, it is suitable to have
an omnidirectional camera providing images with the
size of the object forefront depending only on the dis-
tance of the object from the camera. If only small ob-
jects are assumed the forefronts of objects at the same
distance from the axis of a catadioptric camera lie ap-
proximately on a cylinder, see Figure 1. Therefore, the
catadioptric sensor has to project the cylinder to the
image such that its geometry is preserved. Thanks to
the axial symmetry, the problem is restricted to pz-
plane and the mirror shape has to be designed such
that at a given distance d from the origin the vertical
dimension A is linearly mapped to the radial distance
from the center of the image plane p, as shown in Fig-
ure 2.
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Figure 1: Cylinder surface for which an object forefront,
has to preserve its geometry.

2.2. Mirror shape derivation

The relationship between a world point with coordi-
nates [d h|T, the cross section function F(t) with t(p),

and an image point with coordinates [p 0]7 is defined
by the law of reflection, see Figure 2 and Figure 4. In-
stead of deriving directly F'(t), an expression for h(t)
is found. This is not the most obvious way to find
the cross section function but it results in some useful
equations for the simulation of the sensor.

Referring to Figure 2, the height h(t) of the world
point at a distance d is given as

h(t) = F(t) — cot(¢)(d - 1) , (1)

where ¢ is a function of g as shown on Figure 4. This
means that the ray emanating from an image point is
reflected by the mirror and reaches the world point on
the cylinder. The incident and coincident rays on the
mirror, depicted in Figure 3, are described by their di-
rectional vectors 7 and & respectively. Both vectors have
norm equal one. The law of reflection imposes that the
angle between the incident ray and the normal to the
surface is equal to the angle between the normal and
the coincident ray. The normal vector @ corresponds
to a function of derivatives of the cross section function
F(t) at the point t. Expressed by the scalar product,
the following condition must hold

i A=7-2. (2)

The components of the vectors are as follows
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Looking at (1), the term cot(¢$) has to be expressed
as a function of the given geometry. The law of reflec-
tion imposes 2y + @ + ¢ = 7 and therefore the slope
of the coincident ray is given hy e = cot(2y +6) =
—cot(¢). Since tan(¢) corresponds to the slope %: of
the coincident ray and because the slope of the inci-
dent ray can be expressed either by the vector 7 or 7,
the following equation is obtained from (2)
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The condition for two unity vectors, I = 1l = 1,
gives the expression for the fraction if;—,
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Combining the equation (3) and (4) results in ex-
pression
2UF'(t) — (F(t) - £)1 ~ F'(t)?)
2(F(t) - fIF'(t) + (1 — F'(£)?)

h(t) = F(t) + (d—1) .

(5)

Solving this equation for the derivative of the cross

section function F'(t) results in a cubic differential

equation. The differential equation, which defines the

convex mirror shape, is consequently given by the fol-
lowing expression

o Hd— 1)+ (F(8) - )(F() ~ h(e)
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(6)
Three parameters influence the mirror shape: (i) the
focal length f of the camera, (ii) the distance d, which
corresponds to the perimeter of the projected cylinder,
and (iii) the function h(t), which corresponds to the
vertical dimension of the world point. The parameter
h(t) defines the characteristic of the catadioptric sen-
sor. To have a linear relationship between the height
h of a world point and the radius ¢ of an image point,
the following condition must hold

h(p) = alog, (p%) +b. (7)

When substituting this expression into (6), the im-
age coordinate p must be replaced by ¢. The relation
between p and ¢ results from the projection by a con-
ventional camera

it
PEFRH =T (8)

A closed form solution for (6) combined with (7)
and (8) seems not to be easily available. Therefore,
we solved the problem numerically. The solution for
the above differential equation is computed with the
MatLab function ode4b5.m. This gets the best result
compared with the other solvers of MatLab and that of
Mathematica.

Using an imager with a log-polar pixel density, the
condition has to be of the form (7), where p is the
radius, pg the innermost circle of the log-polar layout
and & the growth rate of the pixel size, see Figure 5.
The pixel size is linearly increasing from the foveal re-
gion towards the periphery. The free parameter a and
b are called gain and offset respectively. The foveal
region of the SVAVISCA sensor does not have log-
polar pixel distribution in the center up to the radius

Figure 2: Schematic diagram of the catadioptric sensor.

Figure 3: Reflection of a ray at the mirror surface.

Figure 4: Cross section function.
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Figure 5: Pixel density of the form log-polar for the
camera imager. Figure (a) depicts the geometry and
figure (b) an example imager similar to the SVAVISCA
(by courtesy of G.Sandini).

po = 272.73 um. However, for simplicity in the mirror
design, this is neglected and the region is assumed to
have a log-polar pixel distribution extrapolated from
the periphery. See [8] for exact specification of the im-
ager. The following parameters influence the mirror
design: the focal length f, the radius of the mirror rim
t1, the gain a, and the offset b. For the following so-
lution, d equals 2 m and f it is equal to 25 mm. The
mirror rim parameter {; = 3 cm, the maximal imager
dimension p; is 3.6 mm, and Fy is fixed to 21.5cm. The
resulting cross section function is shown in Figure 6 and
the distribution of the reflected rays in Figure 7. The
technical drawing for the mirror is depicted in Figure
9(a) and a picture of the manufactured mirror is shown
in Figure 9(b). The field of view is approximately 69.6°
assuming that only periphery of the imager is used.

The mirror was designed for the fixed distance d = 2m.
However, it is also interesting to see how the imaging
behaves for objects outside the reference cylinder. Asa
criterion, the ratio between the numerical derivative of

the function h(p), ﬁ—’;, given by (5), and its theoretical

derivative i—’; = ln?k)% given by (7), is computed. This

ratio is normalized to the distance by dividing it with
the factor %i, where d; € {1m,1.5m, 2m,3m,4m}. The
result is depicted in Figure 8. The optimal ratio should
be equal to one over the whole range of p. This is even
not the case for the reference distance d. Due to the
numeric solution, a systematic error exists. The map-
ping between the world and image dimension is only
approximately linear. The deviation of the ratios from
the optimal ratio, which is equal to one, is decreasing
with increasing p, therefore the distortion in the map-
ping is increasing in the top-to-bottom direction. The
ratios do not vary much with the distance. Therefore,
the mirror realizes approximately a perspective projec-
tion.
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Figure 6: The cross section of the mirror function for
¢ = 4 and b = —400 cm, gives the field of view of
approximately 69.6° (¢y = 26.7° and ¢ = 96.3°).
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Figure 7: Rays reflected by the mirror which propor-
tionally scale s the vertical dimension. The imager has
a log-polar arrangement of pixels.
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Figure 8: The ratio of the numerical derivative of
the function h(p), g—ﬁ, and its theoretical derivative
% = ﬁ% The ratio is normalized to the dis-
tance by dividing it with the factor %’L, where d; €
{1m,1.5m,2m,3m,4m}.
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Figure 9: (a) the technical drawing for the mir-

ror matching with the non-uniform pixel density
(SVAVISCA), (b) the manufactured mirror.

Figure 10: Acquisition of artificial scenes.

3. Experiments

3.1. Simulations

This section presents the simulated experiments with
the designed mirror. The designed mirror is com-
pared with a hyperbolic mirror that provides true cen-
tral panoramic images of the scene. All images were
recorded with a conventional camera and the mirrors
were placed to the distance about 30em from the im-
age plane. The mirror projects an equidistant mesh
wrapped around the sensor as schematically depicted
in Figure 10. The diameter of the cylinder is about
15¢m. The diameter is much smaller than 2m for which
the mirror was designed but the images show the ex-
pected characteristics. The images are simulated in
that sense that a real cylinder with a real mesh and
real mirrors were taken by a normal CCD camera with
rectangular arrangement of pixels. The SVAVISCA
images were obtained by re-sampling the conventional
images according to the SVAVISCA pixel distribution.
After SVAVISCA re-sampling, lines from the cylinder
taken by a hyperbolic mirror are not equidistant. They
are equidistant when the newly designed SVAVISCA
mirror is used. We can see that the re-sampled im-
age Figure 11(d) taken with the newly designed mir-
ror shows a uniform projection of a uniform grid while
the image Figure 11(c) taken with the hyperbolic mir-
ror shows a non-uniformly distorted image of the same
grid.
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Figure 11: Raw and panoramic images from various
mirrors. In (a) hyperbolic mirror, in (b) a mirror
for SVAVISCA uniform resolution is used. In (c) and
(d) the panoramic images obtained by SVAVISCA re-
sampling of (a) and (b) are depicted.

3.2. Real measurement

In this section we study experimentally the constancy
of mapping of a real world to the imager along the
¥ coordinate in the unwarped panoramic image. The
mirror was designed such that vertical intervals of a
constant length, Figure 1, should be mapped to im-
age intervals of a constant length. It must hold true
for any vertical interval in a constant distance from
the camera-mirror axis independently from its height
in the scene. However, due to the numeric solution of
the mirror cross section function, a systematic error [3]
exists. We cannot also forget the non-linearity (e.g.
radial distortion) of the optics. The mapping between
the world and image dimensions are therefore only ap-
proximately linear.

The parameters of the mirror were designed for dis-
tance d = 200ecm but we provide measurements also
for other distances. SVAVISCA sensor with the log-
polar pixel distribution was used. All parameters (fo-
cus length, distances) were set like in [5].

We moved the reference target along a sequence of
positions in the vertical direction in a constant distance
d from the camera-mirror axis. We carried out the ex-
periment for distances d = 10cm, d = 20em, d = 30cm,
and d = 200em. Figure 12 depicts these experiment.
Figure 13 shows target and the orientation of axes in
images. More details are described in [9]. Figure 14(a)
shows Ap as a function of ¢. We calculated relative



Figure 12: Schematic diagram of the experiment.
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for each step, see Figure 14(b).

Experiments show differences between theoretical
design and the real mirror. The maximal deviation
from the linearity depends on y-coordinate in the im-
age and it is maximally 10% higher than what was ex-
pected from the simulations in the design phase. The
error is almost independent of the distance of the target
from the camera-mirror axis.

100 [%] (9)

rel.error; =

4. Conclusions

This paper has presented the design of a mirror for a
catadioptric sensor. The mirror was designed such that
when combined with the log-polar SVAVISCA imager,
a uniform resolution panoramic image is obtained.
The mirror was designed to possess the uniform res-
olution property for the camera-object distance equal
two meters but experiments has shown that the resolu-
tion uniformity is very similar in the distance ranging
from 20 cm to two meters. The experiments has also
shown that the length of the image of a fixed interval
in the scene is decreasing with increasing y-coordinate
in the panoramic image. From the design, it was ex-
pected that the maximal deviation from linearity would
be around 10%. The real experiments has shown that
the maximal deviation from linearity reached 20% al-
most independently of the distance from the camera.
In general, the work presented here shows that we
were able to reach satisfactory results in designing uni-
form resolution image formation with a non-uniform
imager and a convex mirror. We believe that the uni-
formity can still be improved by modeling other non-
linearities, e.g. the radial distortion of the optics or im-

Figure 13: Axes orientation in panoramic images.
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Figure 14: (a) Distances between images of each two
consecutive targets as a function of angle ¢ (b) and rel-
ative error of the deviation from linearity for distances
d = 10em, 20em, 30cm and 200c¢m from the camera-
mirror axis respectively.



proving the numerical solution of the differential equa-
tions.
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