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Motivation

* The research on Dynamic Modeling is one of the
most ancient topics in Robotics.

 There Is now a consensus for using Recul
Newton-Euler for serial manipulators: Efficiencydan
facility of implementation

 The aim of this presentation is to show the
generalization of these techniques for other system
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Outline

Recall of the MDH description

The inverse and direct dynamic models of different
robotics systems will be presented.

We start by rigid tree structure robots.

These algorithms will be generalized for closed loop robots,
parallel robots, and robots with lumped elasticity.

At the end the case of robots with moving base will be
treated.



2- Description of The Kinematics Of Robots

* The kinematics will be described using the Modifie
Denavit and Hartenberg Method (Khalil and
Kleinfinger, 1986).

 Different advantages wrt classical DH metl
Extension to tree and closed loop robots,

Calculation of base inertial parameters usingexdos
loop rules,

- More logical choices,
- No reasons to continue to use classical notations
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2.1 Geometric description of tree structure
robots

n+1 links (link O Is the bas), n joints (Rot-Prizne),
frame j fixed with link |,

Link | is articulated on joint |,

a(j) indicates the link antecedent to |, a(j-1 in serial




Definition of frame |
e z Is along the axis of joint I;

e X IS taken along the common normal betwgemnd
one of the succeeding joint axeg{n serial robots).

ZJ II

'T; = Rot(z, Yk;) Tran(z, b) Rot(x, Z5)) Tran(x, d) Rot(z, §)) Tran (z, 1)

The serial structure is a special case of a tree structure
where a(j) = j-1y, = 0, and b=0. °



2.2 Description of closed loop structure

The system is composed of L joints and n + 1 links,

The number of independent closed loops is equal to:
B=L-n

The joints are either active (motorized) or passive.

To determine the geometric paramet

a) Construct an equivalent tree structure having n joints by
virtually cutting each closed chain at one of its passive joints.

b) number the cut joint as: n+1,...,L

c) For each cut joint k define two supplementary frames (k and
k+B) on one of the links connected by this joint. The
transformation matrix defining k wrt a(k) is defined in terms of
g Where asthe definition of frame k+B wrt its antecedent is
constant.
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The joint variables are denoted as:
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Frames around a cut joint:



3  Dynamic Modeling of Tree Structure
Robots

Definitions
» Inverse Dynamic Model (IDyM) '=f(@Q4.,4)

- Direct Dynamic Model (DDYM) g =f T g g )

 Lagrange Equations _a{a_'-} { }

PN

+ IDyM T=A@)}j +H@¢§) ,DDyMg=—(A)"(T-H)



 Newton-Euler equations: giving the external forces
and moments on a link | about the origin of frame |
are written as:

J'(x)j><(ju)j><"MSJ.)

‘c)j X(’Jj‘mj)

 Mj, MS] andJj are the mass, the first moments, and
the Inertia matrix about the origin of link |.
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3.2 Calculation of the Inverse dynamics
using recursive NE algorithm

e The algorithmLuh, Walker and Paul, 1986onsists
of two recursive computations: forward and backward
The forward, from link 1 to link n, computes theKi
velocities and accelerations and the dynamic wrench
on each link

 The backward equations, from link n to the base,
provide the reaction wrenches on the links and
consequently the joint torques.

e It provides: TI=NE(q.4.4.fc me)
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* The forward equations(for ]=1,...,n):

'V, =T 'V, +g'a
V ‘TV+yJ+qa]

s i xq )
O @ *q;"4

F =131V +

x(j‘]jj“’j)

Eqgs.16- 23 in the proceeding.

R ['ox('0 x'R)]+ 20,0 xq'g)

j(x)jX(jwjij\/ISj)_
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The backward equations(for j=n,...,1).

f =IF +Z “TTEL + Where a(k) = j,
k

= "a)" '+ 139 + Fs sign(q )+ £y«

J

Eqgs.26-31 in the proceeding.
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3.3 Computation of the direct dynamic
model

« The DyDM can be calculated from Lagrange model:
e -1
4=-(A)"(r-H)
e Two methods based on Newton-Euler methods can be used:

- the first is based on calculating ti#e and H matrices using Newton-
Eulel inverse dynamic mode (procedur Walkeianc Orin)

- the second method (due téeatherstor)eis based on a recursive
Newton-Euler algorithm that does not explicitly calculéibe matrix A
and has a computational cost that varies linearly with theber of
degrees of freedom of the robot.

 For tree structure robots, the second method is more efticbut the
first method can be used for closed loop robots and some syisegms.
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3.3.1 Using the inverse dynamic model to
calculate the direct dynamic model

o By comparing\Walker and Orin 1982):

F=NE@Qdfeme) I =AQqd Hdghem o)
) H@d) isequaltd if Q=0,

i) the i column ofA is equal td" if:
d =u,=0,§=0 g=0,fe=0me=0
whereu; is the (nx1) unit vector whosé élement is equal
to 1, and the other elements are zeros.
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3.3.2 Recursive NE computation of the direct
dynamic model

Three recursive calculations:

I- Forward: As the first recursive of IDyM, when joint acc =0
_ Rl'lox{'e x'P)|+20 (e xq'
J'Yj:[ ||:('0| (ml j):| 0-1(('0| qQ)]

7 i x( ]
g; @ Qg

j j j

jmjx(ijjm.)

I

ii- Backward: Calculation of some inertial matrices,giving joint acc. and forces on link j in
terms of the link accelerations of link a(j).

. -1 - T L . - T: ¥
§ = H [Ha ) 0T,V + ) + 7 +is, 3B;]
(41)

i g
. = = JIC. I . 4] 47
f; |:jll]j:| IS 1T W5 +H oy (42)

lii- Forward: since the acceleration of link 0 is krown “-g”, then we can calculate the link
acceleration for links 1,..., n, and the correspondingpint accelerations.
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Second recursive equations:

Forj=mn _ 1, compute:
CT. ¥ .
Hj = Cay J; ‘o +Iay) (36)

. F L F 1. T..3
g, = 17, -1, J,.jt]j H Jﬁij 13, L (37)
]l:l'.j = J]:k;j JTJ +-1oﬂj ]E]j H_'I {T] '|‘-1-ﬂ:lj Jﬁj} —JBJ- {33]
If a(j) # 0, calculate also:

‘B, = ; T, oy (30)
% . T :

I, = 4 +J']]"1- ]]]gjj']]"i (40)
These equations are mitialized by

j_ﬂ;zj;rj aﬂdjp; — jﬁj_
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4 Inverse Dynamic Modeling of Closed Loop
Robots

« To calculate the Inverse dynamic model of clogegIrobots:

1) calculate the inverse dynamic model of the eglant tree structure
robot, in which the joint variables satisfy the straints of the loop.

i) closed loop torques of the active joidis are obtained by projecting the
tree structure torqued,, on the motorized joints using the transpose o
Jacobian matrix of the tree structure variablevébocities) in terms of the
active joint variables (or velocities).

dc= GT d,,
where:
aq, _ 0
G - tr —_ r
0, O0d
0
r =r +ﬁ|‘
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Direct dynamic model of closed loop robots:

 There Is no recursive method to obtain it. It can be
computed using the inverse dynamic model using
(Walker and Orin)procedure in order to obtain the
matrice! A_ anc H_ of the following relatior:

[c=AQy)Xia *H O 4 )
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5. Inverse Dynamic Modeling of Parallel
Robots

 The robot is composed of a fixed base and a mobile platform.
They are connected by m parallel legs. It is a system with
multiple closed loops.

 The Equivalent Tree structure (platform attached to a leg)

The dynamic model wjll be obtained in terms of the joint
variales. The joints connection the platfotonthe leg must be

obtained too.
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Second solution

 The system is decomposed into 2 subsystems: the platfor and
the legs:

The platform dynamics, Is calculated as a function of the
Cartesian variables, whereas the dynamics of thed|egs

calculated as a function of the joint variables of the legs.
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« F,is calculated by the Newton-Euler equation ofpitetform,["; is the
iInverse dynamic model of leg i.

* Thus the dynamic model of the parallel structsrgiven by the
following equation:

r=JF, +i[g§") r

*Jis the (€Xn) kinematic Jacobian matrix of the rol

oG
. aﬁ IS calculated by the following relation, which éoigs the
pachéII

el structure of the robot:
o0& _ 0& ov. dV,
o& ov, dV, 0&,

_ -1
=J, ‘Jvi‘]p

* Theinverse dynamic model - g7 {Fp + zm JTJ7 r}
p vi i [
i=1
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6. Inverse Dynamic Modeling Of Robots With
Elastic Joints

* The description of the system can be doné&lby ,
just note that the joint torque will bg = - ¢ K;

O3g = g—q,, K Is the joint stifness.
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The general form of the dynamic model is written as

e Ao
Iy Ap Ayl Uy H,

Where r means rigid and f means flexible.

The direct dynamic modeDDyM can be obtained from this model by
Inverting the inertia matriXA. The recursive algorithm of rigid bodies can
be used after taking into account the torques of flexibletgoi

To solve the IDyM from this general model we carsyecify the elastic
accelerations. They must be calculated using tbegerow of the
previous equation. 4

r

Iy :[Asz Azz} G +H
f
Then the joint torques are calculated from the fivgy.

The Newton-Euler method can be adapted with treeersive steps.
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Inverse dynamics of systems with flexible joints

This algorithm consists of three recursive steps.

1) The first forward iteration is exactly the same as thahef
direct dynamic model of rigid system: calculation of elements
in terms of g and)

1) The second backward recursive equations calculat
matrices giving the elastic accelerations m]rmis a function of
the acceleration of link a(j). They can be calculated for j =n,
...,1, as follows:
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Second (backward) recursive eguations:

- If joint j 15 elastic:

= igliT. 72
Hj = e 1, 5 (72)
T = T — i, i B g i i
=yl W e &
. . T K T.. ¥ .3
oy = JI Y +00; ey H (K Agg +Hay ;) B,

(74)
- It joant j 15 nigd:
K = i (75)
J-ul_j ='1EJJT_1+JI:HJ ]m:i .':i_1 —]E] (76}
if afy) # 0. calculate:
S e ST,
jﬁi — jﬁi _JTj Jﬂi (77)
¥ . % o ;
J‘.]:Ill - 1.]]1 +JT1 }Kj JTi (78)
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* The third recursive step calculates (for | = 1,n) the
acceleration of elastic joints and the joint tors)fmr
the rigid joints using the following equations:

- if.
' ] . . .
J _1]]1-]

-1f 15 elastac:

v ool T ¥ e i T. 4
G =H) [y 1 OT Vi + i) - K Agj +1gy JB; ]

(80)
_h,r] = JT, i, +jﬁj q +jTj (31)
-1f j1s ngd
I; = (g ij + E]'ij}TJaj +Ia, i:j]', (82)
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/. Dynamic Modeling of Robots With Moving
Base

 Examples: cars, mobile robots, mobile manipulators
walking robots, Humanoid robots, eel like robots,
snakes like robots, flying robots, spatial vehieke,

* The difference between these systems will been th
calculation of the interaction forces with 1
environment.

* In the previous sections the base is fixed thas th
acceleration of the base Is equal to zero, whenreas
the case of a mobile base system the accelerdtion o
the base must be determined in both direct and
Inverse dynamic models.
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e 7.1 General form of the dynamic models

|:O6x1:| :A|:OVO:|+H
] 0

Where A is the inertia matrix of the robot, H cains the Centrifugal,
Coriolis gravity and contact forces,

A12 A22 H 2

The inverse dynamic model is solved as follows:

V, ==(A,) (H,* A g), thenm =A TV +A g +H
The direct dynamic model is solved as follows:

B
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« The calculation oA andH can be done by Lagrange method.
They can also be calculated using the inverse dynamic model
of tree structure and using the procedur@/aflker and Orin).
The base can be taken into account by either of the following
methods:

- The velocity and acceleration of the base will be the initial
conditions for the forward recursive calculation. The backward
recursive calculation must continue to j=0, where this new
iteration will provide the 6 equations of New-Euler

equations of the base.

- We suppose link O is a virtual link whose inertial parameters
are equal to zero but has the velocity and acceleration of the

base which is taken as Link 1. The six equations of the base

will be those of £, =«
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7.2 Recursive NE calculation of the inverse
dynamic model of robots with mobile base

e The inverse dynamic algorithm consists of three recursive
equations (a forward, then a backward, then a forward).

 I|) Forward recursive calculationfr j=1,...,n):

In this step we calculate the screw transformation matrices,
link velocities, and the elements of the accelerations and
external wrenches on the links, which are independent of the
acceleration of the robot base.
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) Backward recursive egquations:

 In this step we obtain the base acceleration usiag
Inertial parameters of the composite link O, whéee
composite link O consists of all the links artidelh

on link 0.
Jf — JJC j B

PRES ST
Kk
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* Iii) Forward recursive equations (j=1,...,)n

After calculating the acceleration of the base, the wrench and
the joint torques are obtained as:

jvjijiivi+jz;j

| _jfj_ j1ciy jpc

f; = im |~ JiV - B,-
L

r="f"a +F sign('q)+ Eg+L g

It is to be noted that the inverse dynamic model can be used in
the dynamic simulation of the mobile robot when the objective
IS to study the effect of the joint motions on the base. In this
case the joint positions, velocities and accelerations
trajectories are given.
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7.3 Recursive direct Dynamic model

e The direct dynamic model consists of three rewarsi
calculations (forward, backward and forward):

) Forward recursive eguations:

We calculate the link Cartesian velocities and
terms of Cartesian accelerations and equilibrium
equations of the links that are independent of the
accelerations of the base and of the joints.
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J"}j

R [0 x( 6] 22,00 0')

O-j mixqj a]

:_if.__jmj"(j"’j <IMs; )

€

- opx(1)ey)

)
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i1} Backward recursive equations.

In this second step, we first initialise *J, ="J_.
“B. = “p, and then we calculate for j = 11 L1 the
following elements, wlu::h permut to calculate f,
and q; in terms of 177 and will be used in the third
recursive equations (these matrices can be obtained
usmg a sumlar procedure as for the duect dynamae

model of ngid links):

_d.TiT%, .

H;=1aj 1T)a, +1a (103)
o i Rl P = e L

k= JJ J; :iJHJ a; JJ (104)
i_E:_].— +]'_'T|4_]j: (103)
TJ—I_ ElE;!l{ql:l ]qJ (106)
; ol o
o; =Ky + 135 la [T +1a;g;) - Jﬁelﬂ?)

' ='p; — T ‘o (108)



e i) Forward recursive eguations:

o At first, the base acceleration is calculatedhmsy t
following relation:

V, =(;) " B,
G; = Hi' [ 2] 13 (T Yy e P |
It =K, TV, + o
Vo =IT IV e +ly
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Conclusion

Other systems modeled with the same techniques:
- Flexible links robots,

- Non holonomic robots,

- micrc-continu robots

- Hybrid structure, where the robot is composed
parallel modules, which are connected in serie.
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